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ON THE RESONANCE CONCEPT IN SYSTEMS OF LINEAR AND w2
NONLINEAR ORDINARY DIFFERENTIAL BEQUATIONS

Rahmi Ibrahim Ibrahim Abdel Karim

Theorems on the resonance cases for linear and nonlinear

ordinary differential equations of the first to the nth
order are derived and proved in detail, using an earlier
report by the same author as partial basis. Minimal
orders of magnitude of the solutions and their derivatives
are given and methods for the formation of examples, with

sample calculations in matrix notation, are described.
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PART 1

THE RESONANCE CONCEPT IN SYSTEMS OF n LINEAR ORDINARY
DIFFERENTIAL EQUATIONS OF THE FIRST ORDER

Section 1. Problem Formulation, Principal Results

R.Iglisch investigated the resonance concept in linear ordinary differen-
tial equations of the second order (Bibl.5). These considerations will be ex-

tended here to systems of n ordinary linear differential equations of the first
order which will be written in matrix form with r(t) as the sought vector:
I wyr+i0; (1)

where the square (for example, real) matrix %(t) is to be continuous in t and
periodic with the period P, i.e., all n° elements ajx (t) are continuous functions
in t, periodic with P; the (for example, also real) vector f(t) is assumed as

also being continuous and periodic with P:
Ae+P) =4 fe+P) =f0). (2)
The homogeneous system conjugate to eq.(l) reads

:‘t’ =%y (3)
while the "adjoint" system is

(1)

where the superscript T is to denote the transition to the transposed matrix.
Definition 1. iIn the inhomogeneous differential equation system (1), the
resonance case is present if the adjoint system (4) has at least one solution

vector 3(t) periodic with P, for which
P
Jywima=c+o (5)
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is valid.

In Section 4, we will prove:

Theorem 1. In the resonance case, any solution vector r(t) of eq.(1)
assumes arbitrarily large values, increasing without bounds with increasing t.

Definition 2. In eq.(l), we have the principal case if eq.(4) has ro /8
solution vector 3(t) periodic with P.

In Section 5, we will prove:

Theorem 2. In the principal case, solutions ¥(t) of eq.(l), remaining
restricted for all t, are in existence, for example, the uniquely existing
solution periodic with P.

Definition 3. Equation (1) represents the exceptional case if eq.(4) does

have solution vectors 3(t) periodic with P but if the following relation applies

to all these solutions periodic with P:

| 4

[T Of@wde=o. (6)

‘
In Section 6, we will prove:
Theorem 3. Even in the exceptional case, restricted solutions r(t) of

eq.(1) exist for all values of t, for example, solutions periodic with P but no

longer uniquely defined.

Sections 2 and 3 contain auxiliary considerations on the inhomogeneous
system (1), specifically on the correlation between the homogeneous system (3)
and the adjoint system (4). In this case, the periodicity stipulation (2) will
be introduced only in Section 3.

Many of the results are already known, but they are here derived in a

manner that requires no specialized knowledge.




Section 2. Auxiliary Considerations on Systems of Linear Differential
Equations of the First Order

In this Section, the periodicity stipulation (2) will not be used.
Let hy(t), eee, tha(t) be a linear independent solution system (fundamental

system) of eg.(3) at the point to, which can be combined into the solution

matrix
(7)
D0 = (). ....0a1)
We then have
Det 9(t) + 0. (8)
Theorem 4. From eq.(8) it follows that
Y(t) = Det 9(t) + 0 (9)

for all values of t. ‘
Proof. If the conjugates [subdeterminants with correct sign (-l)l*v] for

the element y;y(t) in eqs.(7) or (9) are denoted by Y;y(t) and putting

_fo for sk,

6..“{1 for s==k%, (10)
the following result will be obtained, taking eq.(3) into consideration and
denoting the differentiation to t by a prime:

av =Zy:-}:r = \‘all }’A-Y--'-"'Z‘uon Y= )’}_‘aii
dt v, !.-I.- (1] ¢
and thus /9
YO =Y exp( [ (@ + ey + - +a) dt)-
From this, theorem J follows directly.
Theorem 5. In addition to eq.(7), the expression
P0=91 ¢ (11)

at an arbitrary constant matrix § with a determinant C differing from zero,

represents a fundamental system of solutions of eg.(3).

7




Proof. Equations (7) and (3), together with

= (n.0,....0) (12)
can be combined into

(13)
From this, we can calculate

DO’ =PC=APC =A(PQ).
This means that each ¢ is a solution system of eq.(3).
That we also have det(98) # O, follows from
det(96) = Y - C +0.
Theorem 6. The vectors

Y.

- 1 Y58 -
alh) = 0! ' . s=1 n (lh)
Y.
which can be combined into the matrix

30 =y Yoi) (15)

form a fundamental system of solutions of eq.(4).

Proof. Equation (15) indicates directly that

37'9=Gn (16)

i.e., that it is the unit matrix. On introducing the reciprocal matrix nl, we

can then also write
3T=9 3 =@ (17)

From egs.(16) or (17) it follows directly that
Z=det 3 %0.
The statement that 3 is the solution matrix of eq.(h) is derived as follows:

According to eq.(16), we have

3"9+37W =0,




i.e., with eq.(13) /10
-3T9=38Tuy, -3"=3"uPP*=3'N,
so that
§=-w3. (18)
which coincides with eq.(4).
Thus, theorems 5 and 6 yield directly:
Theorem 7. A general fundamental system of solutions of eq.(4) is repre-

sented by the matrix
$#=3C=@Y ¢ (19)

at arbitrary constant matrix §@ with a determinant C differing from zero.

Denoting

and Loy =42 —wiy (20)
Lo =— S —aT,, (21)
the following is valid for two arbitrary vectors h(t) and 3(t):
L) — (L°6) - v= 5,67 0) (22)
and
(L) -5— v L@ =7 (o7 -y).
a (23)
Therefore, the (expanded) Lagrange identity
H0Tn=0=20"y, (21)

is valid for the solution vectors f and 3 of egs.(3) and (L), respectively.
Analogously, the following is valid for the solution vectors of egs.(1l)
and (4):

LeTa=a LuTa=1 (25)

Section 3. Systems of Linear Differential Equations with

Periodic Coefficients

In this Section, the periodicity stipulation (2) is essential.

Theorem 8. The homogeneous systems (3) and (4) have the same number of o

9




linearly independent solutions periodic with P (O < p < n).
Proof#. Let p be the number of linearly independent solutions of eq.(3),
periodia with P. It is merely necessary to demonstrate that eq.(l) has exactly
p linearly independent solutions that are periodic with P, since the conclusion
can be reversed in view of the fact that eq.(3) is the adjoint system to eq.(.L).
Case 1. Let ¢ = n. Here, the entire matrix ¢(t) is periodic with P so
that also the matrix 3(t) according to eq.(15) will be periodic.
Case 2. Let 0 <p < n. Assume that the py(t), withv =1, 2, ..., 0, /11

are periodic with P. Then, the following is valid for any arbitrary point t;:

n‘,(l)f:"':n‘_(t,+ Py -u,t) ¥0 for p=p+1,. ... (26)

If the equal sign were present in eq.(26), the periodicity of thisphu(t) with
the period P would follow from eq.(3) with consideration of eq.(2). In the
following, let t; be an arbitrarily selected but then retained point. Integra-
tion of the first equation in the system (24) over t; and t; *+ P will yield,
for each k = 1, 2, ¢ee, N,

MOk Po ) —0 for v=1,2,....0. (27)
These are n linear homogeneous equations which have at least the p linearly in-
dependent solutions pv(ty ) for v =1, 2, ..., po It will be demonstrated that
no further solution vector u;, linearly independent of this, can exist. Con-

versely, let us assume that, for such a u;, the following is also valid
a@Ohtfu=o0 (28)
Then, let us define a vector u(t) from eq.(3):

‘rlil:l —Au with u{ly) =u,. (29)

# By R.Iglisch.
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For this vectoru(t), the first equation of the system (2,), by integration
over t; and t; + P fork =1, 2, ¢es, n, will yield
Wi+ Pult +P) — () u(k) =0
and, after subtraction of eq.(28),
MG+ P)uit,+ P)—uipy]=o.
This represents a linear homogenecus system of equations with a determinant
differing from zero; consequently,
ul, + P)=u(t)

must be valid from which, because of eqs.(29) and (2), the periodicity of u(t)
with P is obtained. Consequently, because of eq.(26), u; =u(ty) is linearly
dependent on h1(ty), eee, hy(ty)e

Thus, we know that the system of equations (27) has exactly o linearly in-

dependent solutions. Therefore, the matrix
3ORTT = OB " aelk* W@kt

has the rank n - p. By suitable numeration, it becomes possible that exactly

31(t)!11

vectors can be linearly expressed by these vectors:

ty+P 4

y ooey 3n.p(t)|:1+ are linearly independent. The remaining of these
1

WOE =T 6 O" for p=n—g+1...m.
o=1

(30)

Corisider now the vectors

Bas(f) for m=1,2,...,8—p

S:(‘) = { .—e¢ (31)
tmll) — 2 Cmedolt) for m=n—p+1....,n.
o=1

Since [lg
Det (§2(2), ..., 32(6)) =Det (1 (1), ... 3 () +0

it follows that the n vectors (31) are linearly independent solutions of eq.(L)

for all t (see also theorem 4). The 3%y(t) with v =1, 2, «.., n ~ p, because

11




of the linear independence of the vectors

wORtT
including their linear combinations, are‘not periodic with P. Conversely, the
3:(t) withuw =n-p0 *+1, ..., n have 'exactly the period P,-as*rea¢ily seen
from eqs.(30), (4), and (2). This yields the proof for our case 2.
Case 3. Let p = O, If eq.(4) had a solution periodic with P, also eq.(3)

would have such a solution according to the above statements.
Section 4. The Resonance Case

Pruof for Theorem 1. Thus, let 3(t) be a solution vector of eq.(4) peri-

odic with P, for which eq.(5) is valid.
In contrast to the argument, we make the assumption:
lt@|SE (32)

for all t and for an arbitrarily selected solution r(t) of eq.(l). An integra-
tion of the first equation in the system (25) between t and t * mP, with arbi-

trary positive-whole m and taking eq.(5) into consideration, will yield
SO+ mP) — )] =m-[C]. (33)

Because of the periodicity of 3" (t), a restriction of the following form exists

for all t:
|57 = D. (34)

On the basis of this and from eq.(33), an estimate
D.-2Ezm|C|, Ex™ml¢l

is obtained. At sufficiently large m, this furnishes a contradiction to eq.(32).
The result can also be formulated as follows:

Theorem 9. In the resonance case, for each solution vector r(t) of eg.(1l)

12




and for each interval

4,SISh+mP (35)

at least one point t* exists for which
ez Sl (36)

vanishes with C from eq.(5) and D from eq.(34).

Section 5. The Principal Case

In this Section, it is assumed that eq.(4) has no solution 3(t) periodic
with P, First, we will prove:

Theorem 10. If 33(t), see, 32 (t) are linearly independent solutions of /13

eq.(4), we have
U
4+ P
D(#) = Det 6:'(1:)I.+ +0 ferall t. (37)
g
Proof. If, for a special quantity t = tz, we would have D(tz) = O in
contrast to the argument, then n numbers @y, @z, ¢.., @, with af * ee t af >0

could be so determined that

ia,b,r(t,+P) =ia-3-r(':)
Putting v -

3e(2) =i‘¢-i-(').

we would have
tolts + P) = delta)

However, according to egs.(4) and (2), it would follow that
dolt + P) =13 (t)
for all t, in contradiction to the assumption.

Proof of Theorem 2. If y(t) were a solution of eg.(l) periodic with P, an

integration of the first equation in the system (25) between a fixed point ta
and ta + P would yield
13




Wt P

gunr*g&)zngMfMdt for v=1,2,...,m. (38)

Since the coefficient determinant of this system of equations, according to
theorem 10, differs from zero, the quantity I(ta ) can be uniquely determined
from this. Let us assume that eq.(l), with these initial values at the point t;
is solved, thus yielding a solution vector r(t). It only remains to be proved
that this r(t) is periodic with P. In view of eq.(2), it will then merely be

necessary to determine that, automatically,

th+P) =1t (39)
An integration of the first equation of the system (25) over ts and ts *+ P will
yield, for v = 1, 2, eee, I,

L+ P
M+ P rla+P) — )2t =Js.’(t)f(t)dt
On deducting eg.(38) from this, the linear system of equations will read

36+ P) s+ P) — ()] =0 (40)

with a determinant differing from zero, analogous to eq.(8). This leads to

vanishing of the bracket and thus of eq.(39).

Section 6. The Exceptional Case /1

If eqg.(4) has exactly o linearly independent solutions 3:1(t), ..., 3,(t)

periodic with P, for which

“P

!Jmnou:o. r=1,2,....0 (11)

is valid, then the determinant (37) will exactly have the rank n - p, Of the
system of equations (38), the first o equations (for v = 1, 2, «.s, 0) are

automatically satisfied since they contain only zeros. From the remaining

VA
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equations (38) with v =p + 1, ..., n, a total of p linearly independent vectors
B, B, . 506) (42)

can be determined, supplemented by the corresponding initial values (42) by

solving eq.(1):

el
20, 120, ... 500). (13)
That, for each of these Zu(t) (b =1, 2, +es, 0),

!:(‘I+P)=t:(‘l) (14-[4-)

is automatically obtained follows from the system of equations which is derived

analogous to eq.(.0):

&+ P)Ita+P) -t =0 (45)

with a determinant differing from zero. This means that all thesezﬁ%t) will
have the period P, Thus, we can make the following statement:

Theorem 11. If eq.(4) has exactly p linearly independent solutions peri-
odic with P, for each of which eq.(6) is valid, then eq.(l) has a p-parametric
family of solutions periodic with P.

This result agrees with the trivial fact that all solution vectors of
eq.(1) periodic with P are obtained by adding to one of these vectors all solu-

tion vectors of eq.(3) periodic with P.
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PART II [17

THE RESONANCE CASE IN SYSTEMS OF n NONLINEAR ORDINARY
DIFFERENTIAL FQUATIONS OF THE FIRST ORDER

Section 1. Problem Formulation, Principal Results

As an extension of investigations made by R.Iglisch (Bibl.l), we consider
here the nonlinear differential equation system

O — gty i ) TR G=1200) (1)

which, under introduction of the vectors

N A6 TP T |
u= ';' » b(t)= h’f(‘) and g(u,l)= g,(u,,,g,_“-.t) (2)
“, hn (‘) & (“l """" ",. ‘)

can be written in the following form:

92w +500 (3)
Let the periodicity assumption

gut+P)=g(uw?), B+ P)=5H(). (L)

be valid. For the functions g, in view of the variable u;, let an expansion
in Taylor series up to terms of the second order be possible, and let p(t), for
example, be continuous.

Assume that a solution yo(t) of eq.(3) periodic with P is known:

%‘:’=s(u..t)+b(l). ug(t + P) =uy(4). (5)

Then, at a minor modification of b(t), we will investigate the solution vectors
u(t) adjacent touo(t) of the system of equations

22 g0+ b0 + 810 (6)

17




at sufficiently small |81; here again, we assume

¢+ P =10. (7)
Using /18
u() = ug() + £ () (8)

eq.(6) will be transformed, after subtraction of eq.(5), into
‘:*f=9("o(‘)+!(f).‘)—g(u.(t),t)+pf(:)_ (9)

Of these, the solutions with small |§(t)‘ at lSl will be investigated.
As will be demonstrated in Section 2 where a transformation of eq.(9) is
to be made, the role of the homogeneous linear system of equations™ is taken

over by the system

d (10)
W=y
with the matrix (i, k =1, 2, +e., n):
w00 = (o) - (") = (g ) (11)
Obviously,
At + P) - AY). (12)

The homogeneous system, adjoint to eq.(10), will then read as follows if

the transition to the transposed matrix is denoted by the superscript T:

B w0, (13)

Theorem 1 (Resonance case). If eq.(13) has a solution vector r(t) periodic

with P, for which
t+ P
JiToi@dt=C*o0 (1)

is obtained, each solution r(t) of eq.(9) - independent of the initial values -
will assume values with increasing t whose absolute amounts are at least of the

—
order of magnitude of VlBl. The proof is given in Section 3.

* See also another report by the same author (Bibl.2).
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Then, we obtain the following in Section 4:

Theorem 2 (Principal case). If eq.(13) has no solution vector 1(t) peri-
odic with P, then eq.(9) will have solution vectors r(t) for each sufficiently
small B which, for all values of t, retain the order of magnitude |B|, i.e.,

for which
[£(6] < Const. || (15)

is valid for all t, for example, the uniquely existing small solution periodic

with P:
e+ P =x(t).

This only leaves the exceptional case to be defined which states that
eq.(13) will have solution vectors 31(t), eee, 2r(t) periodic with P at 1 <

< r € n but that, for all these periodic solutions, the following expression is

valid: e /19
Jamimde=0 (o=1,....n (16)
]

In this case, it is impossible to make general statements on the functions

g (4, t) without further assumptions.

Section 2. A Transformation

Putting
n(t, ) =ua(t) + 2z (), (17)

will yield
u(t,0) =up(t), u(t1)=1ug(®) +r(. (18)

When applying the Taylor series with respect to A to the difference on the

h component equation of the system (9), we obtain

right-hand side of the it
1
Bilto+ 5, 8) = gltg, ) + T8N0t [ EEEAD (1~ aa
[ ]

or, if % (t) are the components of the vector r(t),

19




Sifte +1.0) — £:(ug. t)-Z 20f0) 4t
-1

+f Z Palsl b0 .1 24l

a“. duy

(19)

In addition to the matrix A(t) from eq.(11), we next introduce the "tensor"

T(u(t, A), t) whose n components are to represent the matrices (k, L = 1, ...,

n): A ,
) z‘(u(g'l)'g)=(_a‘;%-:(.“;-“":‘ﬂ), t=1,...,.n (20)
T, (ult. 2),9)
T(Il(',l).‘)= :l(“(:"l)l‘) (21)
T (u(t.2).0)
Then, eq.(9) can be written in the following form:
3
40 w0 +810 +[EOTEeD Q00 -4 (22)
Of these, at sufficiently small € and By, solutions will be sought with
t@se at (B sh.. (23)
It should be noted here that the tensor
T(u(t 0).¢) =T(ue(1).4),
has the period P:
T(ualt + Pt + P) =T (u(0).9). (24)

From this fact, in combination with the first relation (23), the existence /20
of a finite constant M follows in such a manner that, for the integral in
eq.(22), the following is valid:
1
|.f FOT@OA 080 (1 = A da| s M- (max|z @) (25)

For this, it merely must be assumed that all second derivatives on the right-
hand side in eq.(20), within an interval of t; S t < t; *+ P, are restricted for

all values |u(t, A) —uo(t)| s € of the first argument.

20




Section 3. The Resonance Case

Let the adjoint system (13) have a solution vector 3(t) periodic with P,
for which eq.(14) is valid. In contrast to the argument of theorem 1, we are

making the following assumption:

|0 = NY|8l (26)

for an arbitrary solution r(t) which satisfies the first stipulation (23) for
all t with a finite constant N, to be determined later. Analogous to eq.(33)
in another paper (Bibl.2), egs.(22) and (13), for an arbitrary positive-whole n
with C, will yield on the basis of eq.(14):

sTOEE+mP) — ()] =mC-B+
+Hf:7(r)j57(r)T(u(r, A, t)r(r) (1 — A)dadr. (27)

Because of the periodicity of 37(t), a constraint of the following form applies

to all t:
"0 =D. (28)

If eqs.(28), (26), and (25) are used, an estimate according to eq.(27) will be
D-2N|Bli + DM N*|8|m P =z m|B||C|

or
2DNzm|B]-B (29)

with
B=|C|—DMN*P>0. (30)

If a sufficiently small constant is substituted for N, then B will be positive.
For each B # 0, the quantity m can be selected so large that eq.(29) will con-
tain a contradiction. This proves that the assumption (26), in combination

with the first relation (23), is impossible and that, therefore, the following

theorem applies:
Theorem 3. In the resonance case, four constants € M, D, N exist, from

which because of eq.(30) a positive B can be determined in such a manner that
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each solution r(t) of eq.(9), within each interval of the length %ﬁg}f’ ,
assumes at least once a value so that
£ > Min (¢. N V1B]) (31)
is justified.
Lemma. If B is restricted by /21
|ﬂ|<§,‘. with Ni< 5’};}'}; {see eq.(30)]

then, in each interval of the length g‘l’p’; P , the following estimate will

apply for at least one value of t:
] > NVIB]. (32)

Section 4. The Principal Case .

In the following, we will require the main theorem on implicit functions
as an auxiliary theorem.

Auxiliary theorem 1. Let the vector

v(a,....q,.0)
v(0.f) =b(ay. oy, ..., f) =] 2023 B)
P=pl by (33)
Vo(ay,.... a,
in a certain vicinity of the quantities
4=0,48=0..48=08=0

possess continuous first derivatives to ay and let this same vector be continu-

ous in all n + 1 variables. In addition, let

v(0,...,0,0) =0; (34)

finally be the functional determinant
M:sé“—'ﬂﬁ’— +0  (Lk=1,2...n). (35)

Thus, for each sufficiently small a, a constraint Bo will exist such that, for

22




each B with |B| < Bo, a solution vector a =a(B) of the systems of equations
ol <o (36)
exists uniquely, for which |a| < ap. For the proof, see for example another
paper (Bibl.3).
This auxiliary theorem is”applied as follows: Each solution vector (t)

of eq.(9) is characterized by its initial values:

4 (37)
[(O)—’——‘ﬂ: a‘ '
i.e A
L 4 .,
= . ,‘.
r=tla,p:.0) (38)

With respect to t, this vector has the period P if and only if

v(0,8) = (0.8 P) — £(w. B 0) =0 (39)

This corresponds to the argument (36) of the auxiliary theorem. For 8 =0, /22
the null vector represents the solution of eq.(9); consequently, eq.(3L) is
satisfied since then also a is the null vector. The assumptions as to deriva-
tion and continuity of the auxiliary theorem are ensured by the following
auxiliary theorem, in accordance with known theorems as to the dependence of the
solution vectors of eg.(9) on the initial values a and on the parameter B8
(Bibl.y).

Auxiliary theorem 2. Within the interval 0 € t < P, for a given €, one
positive €; and 8; each can be determined such that the solutions r(t) of
eq.(9) satisfy the estimate r(t)] s € in the entire interval if only |¥(0)]| s
< € and || < B8, are selected.

In accordance with eq.(39), it is necessary, for application of the auxili-

ary theorem 1, that €, S ay as well as By < Bp. A differentiaticn of eqg.(9) to
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ay ind;catea that the vectors

9«‘(‘)=—"(—‘5.""~') (=1.2,....%) (40)

are solutions of the system of equations

_‘_‘l)%sa(‘)qo (le)
with the matrix
8«55(2&94%$ﬁ&ﬂ) Ghk=1,...u). (12)
Therefore, the vectors
o = HO00D oy, (43)

are solutions of eq.(10) since, in that case, eq.(42) passes over into eq.(1ll).
The vectors (43) are linearly independent since their determinant for t = O is
the unit determinant [see also theorem 5 in another paper (Bibl.2)]. Since, in
the principal case, we make the assumption that eq.(13) and thus also eq.(10)
[see theorem 8 (Bibl.2)] has no solution vectors periodic with P, it follows
that [see theorem 10 (Bibl.2)]

o ft”
Det n%(f.)ﬂ" +0.

R+ (44)
A brief examination of eq.(39) indicates that this is exactly the condition (35)
of the auxiliary theorem. Since all conditions of the auxiliary theorem are
proved to be valid, its argument - in our case, eq.(39) - can be considered as
also proved.

Therefore, the following applies:

Theorem 4. If eq.(13) has no solution vector a(t) periodic with P, con-
straints €; and 8; will exist for a given € such that an initial vector r(0)
with |r(0)| < ¢; exists for each 3 with |3] < B;, so that the solution r(t) is

periodic with this initial value y(0) and satisfies the uniform estimate

2,




lg(t)] < .

This represents a portion of the theorem 2. To prove this theorem /23
completely, we will need still another theorem.

Theorem 5. Assume that a finite constant E exists such that, at suffi-
ciently small |8|, the following will be valid for this solution ¥(t) of eq;(9)

periodic with P:
e <E-|8]. (45)

Proof. If 3;(t), «e., 3a(t) are linearly independent solutions of eg.(13),

the following expression is obtained under utilization of the periodicity of

E(t) analogous to eq.(38) (BibloZ) for v = 1, eeey, N

te P
B P -3 0]k = ﬂ'fa."(v) flryde +

1+P 1 6
'vfdlﬂjx’h)TOanxﬂgu)u-udxdr (46)

[see also eq.(27)]. The determinant of the coefficient matrix on the left-
hand side, according to the assumption of the principal case, differs from zero
[see eq.(44)]. Therefore, the linear system of equations (46) can be solved
for the components x;(t), ees, X3 (t) of r(t) on the left-hand side, using
Cramer's solution formula. If, at fixed t,

x = Max |x,(1)| r=12..,n), (h7)

torsir P

then an estimate of the following form will be obtained in this marner:
x< K|B| + L. (max |z (0)])? (1.8)
with two finite constants K and L, taking eq.(25) into consideration.

Since
max ()] Sy x

it follows from eq.(48) even more so that
1.€., max |1 ()] € nK|B] + Yn L - (max g (1)),

max [g(t)] [1 - }n L - (max frnh] < InK|B|.
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On the basis of theorem [, we can then assume that the expression in brackets
is positive. For example, for ’ézyLL , this expression becomes = -%?.
From this, the estimate (45) with E = /mK is immediately obtained.

Instead of using Cramer's rule for the solution, it is naturally also

possible to solve eq.(46) for r(t) by left-hand multiplication with the matrix

inverse to [3v(t + P) - 2y(t)] and then to make the estimate by means of

Schwarz! inequality |r(t)|. This will also yield eq.(45).
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PART III {27

STUDY OF THE RESONANCE CASE IN SYSTEMS OF LINEAR
ORDINARY DIFFERENTIAL BQUATIONS

Section 1. Introduction

Previously (Bibl.l) we investigated the linear inhomogeneous differential

equation system
. oz - 4 (1)

with a n-row matrix #(t) which, for simplicity, was assumed as being continuous

and having a continuous n-component vector f(t) of the same period P

Mt +m) = e), A+ P) = Ax) (2)
The corresponding homogeneous system then will be
g% -a(t)" (3)
and the adjoint system
AR AR (1)

where the superscript T denotes the transition to the transposed matrix.
In all, three cases were differentiated: The principal case is present if

eq.(4) has no solution periodic with P; the resonance case is present if eq.(4)

has at least one solution vector 3(t) periodic with P, for which

P
| Fo4maracyo (5)

is valid; the exceptional case is present if eq.(l) does have periodic solu-

tions 31(t), 32(t), ee., aa(t) (1 < p <€ n) periodic with P but if the following
is valid for all these ay(t):

P

f 37(1)4(':)dq: =0 for m= 1,2

: Vad TITETRY 40 (6)
Whereas, in the principal case as well as in the exceptional case, solutions
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of eq.(1) periodic with P, i.e., remaining limited for all values of t, are in

existence, the values of all solution vectors r(t) of eq.(1l) tend toward in-

finite with increasing t in the resonance case, independent of the initial
values. The individual steps in this process will be further investigated in
the present paper.
We use the following notations /28

W e (950 920 eer 9)s mp.g-( T (7)
for denoting a fundamental system of solutions of eqs.(3) and (L), respectively
[see eq.(17) in a previous report (Bibl.l)]. In the method of variation of the
constants*, using the abbreviation

t:(c) - g ey (B (¥e12,0e00m) (8)

the following argument is constructed for the solution of eq.(1):

zw - z,0) = Yoy € () (9)
e

In the present report, an argument similar to eq.(8), namely,

z ) -821 'é’:(t) » 8&n
b &

[see eqs.(77) and (78)] is discussed, where the g;Y)(t) are composed in a

suitable manner from the gC(t). In the resonance case, statements can be made

(W)

% (t) for t increasing without bounds. Here,

on the behavior of these vectorsy

the matrix

4? .\ir1@gi19(t+ P), (10)

which had been discussed in Section 2 plays a decisive role. By a suitable
transformation, the system (1) can be brought to a "normal form" (Sectior 3)

with constant coefficients, by means of which the study of the vectors xiv)(t)

# With respect to the method of variation of the constants, see footnote on
Pe 58,
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can be made much more concise (Section 4). Making use of this method, four
numerical examples will be given at the end of this paper (Section 5).

A brief report, to be published soon, will apply the above considerations
to the case of an ordinary differential equation of the n®M order with periodic

coefficients. In that paper, additional examples will be given.

Section 2. The Matrix § /29

Theorem 1: The matrix B, defined in eq.(10), is a constant regular matrix,
i.e., a matrix independent of t, under the first assumption [eq.(2)].
Proof: In view of eq.(7), eq.(3) can be written in the form of .
9. )9 (11)
Then, a fundamental solution matrix of eq.(4) will be as follows [see (Bibl.l),

-(17)1:
= Qe (Y bor ooen B - OT (12)

whiéh means that
F--w3. (13)
is valid. According to egs.(10), (12), (13), and (11) we then obtain
' ' ’ '
¥ - -3?0) 1g(t + p)) .3"“)5‘@ + P+ QM) 19t + P) -
. -gf(t) DLcer1gee + ») +33(c).h(t + P4t + P) -0,
when taking the first relation (2) into consideration. Consequently,$ is a
constant matrix. That its determinant differs from zero follows from the non-
vanishing of the two determinants of the matrices on the right-hand side of
eq.(10).
Theorem 2: If we pass from a fundamental solution matrix o(t) of eq.(1l),
on multiplying on the right-hand side by a regular constant matrix G, to a new

fundamental system
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Y » Wl (11)

[see (Bibl.1l), Theorem 5], the following relation will be valid for the matrix
¥ which had been formed in accordance with eq.(10):

¥ oo er - (15)

Proof: From eq.(10) and (14), we obtain

¥ eyge (€)% + B) - L711g7') 1+ BL-LTRE

This means that, by a suitable selection of the fundamental system 9Xt), the
matrix P can be transformed into any normal form which can be produced by a
similarity transformation of the type of eqg.(15).

Theorem 2: Let the constant matrix § be given in the Jordan normal form /30

[see (Bibl.2), Sect.19.1]

1
% | e (16)
Y - . with - L
* 3,
where one elementary component fy of the order my 2 1 in the main diagonal has
the eigenvalue Ay and contains ones in the next higher diagonal (zeros are not
entered). It is obvious that
n-l1+'24...+.s. (17)
Then, it is possible to form a matrix .ﬁ‘: with any real number g, so that
‘c
g .. (18)

is valid and that .ﬁr has a normal form of
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Ay “ ,4 /’v AT’

’ 4‘ Lt ’w
X ) Y
i, . ) with ,E,f. g
N -
4‘ “/
where .
. T
d,,-%ln},nth-—q—-(j("y)57
and () 1

/’ - (- 1)"“ = for o= 1'2..---'- 1.
-q A,y

Proof: Let us form [see also, for example, (Bibl.3), pp.333/4]

In ¥ - 1n(a, ¥, +..9’) .

where Gy is the unit matrix of rank my while the my-row matrix

.2- 0.'1...

has the rank my - 1. By expansion in series, we obtain%

1 ¥ - 1n(a,£) + 1n( {,/‘T,,.Z,) -

a(lnay) &, +1n( & + T1,"‘Z)

=(nld,)) £, + ‘—z—-zf

A, 3, 31’¥“.

-‘ . @« o
/“" 1 g -or' \

In(a, &) = (1nd,). &,

%* The formula

used here is equivalent to

L2,
PG IR P T .

»

(19)

(20)

(21)

/31
(22)

(23)

as is readily verified by means of a power series On the basis of this fact,

we can also write in abbreviated form:

Q‘. {, = e‘ (’
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T TR T e e AR e e o

' B o)) =~
3, S ( ————1—("_” 1:.,'.

L2,

[see also, for example (Bibl.,), p.82]. For this, it is suggested to use the /32
principal value of the natural logarithm ln, i.e.,

-FC TN T, (24)
which agrees with eq.(20). Taking eqs.(21) and (19) into consideration, we

will obtain

¥ Y (25)

qv '

-] =

from which, by means of expanding the exponential function in a series [with
respect to the convergence, see for example (Bibl..,), p.119],

* -
*,,- c*vv ! (26)

is obtained. From this, eq.(18) with @ can then be taken from eq.(19) since,
in forming the powers of Rf , the elementary components ﬂ‘:’ y do not exert a mutual
influence.

By an additional collineatory transformation, the matrix ﬁf in eq.(l9) can
be brought to the Jordan normal form. If § represents the matrix of this simi-
larity transformation, i.e.,

2 L
dq -L Jq <.
then P is transformed into ¢t T, as readily demonstrated by expanding the ex-

ponential function in a series. We can now write
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This will yleld the following:

Theorem 4: The matrix §§ can be brought to the following form by a simi- /33

larity transformation:
q " (28)

with f; from eq.(27).

Lemma: If, specifically, all elementary components of the matrix $ have
the order 1, also §; will be a diagonal matrix.

Definition: Below, we will replace the arbitrary number q by the period P

of the coefficients of eq.(l); in this case, we can write in abbreviated form:
x x
&£
dp'd'é;’“{-#-e P, (29)

Theorem 5: By means of the constant matrix § [see eq.(29) and (27)], the

fundamental system g(t) of eq.(3) can be written in the form

lg(t) = Q(t).c[t with ﬁ(t) =(?m,?:n,..., ?;n) (30)
where #(t) has the period P. Analogously, the fundamental system 3(t) of eq.(})

can be brought to the form

ZLOR O AT (31)

where -
b ) = C PO T = (R, Fplo)eenny Fy(8D) (32)
also has the period P.
Proof: It is to be demonstrated that, in the argument (30),
¢ - Yo - B L (F(6), Bo(®dreees H(N) (33)
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(3

has the period P. Making use of eqs.(10), (29), and (30), we obtain
¢(t +P) = )9(\: . P)e"l’_ e"t .9“)* .-4—’-
. e.‘t- f(t).

Then, the relations (31) and (32) are directly obtained from egs.(12) and (30).
The conventional way of constructing the constant matrix &, described in
developing the theorem 3, usually is quite time-consuming. That this procedure
can be less cumbersome in certain special cases is indicated by the following
theoremit,
Theorem 6: If the matrix %(t) with its integral from O to t, periodic

with P, is transposable, i.e., if the relation

[ 4 ¢
Ao [Ocrrare [ Raar R (34)
o [
exists identically in t, then the constant matrix
4
s« (35)
R -3 f Axar
will yield ° ras
z- cl ?
(36)

To this belongs the fundamental solution matrix

,fa'rﬂr «x A F
Y - e =9 e (37)

with the following matrix, periodic with P,

¢ L ¥ 3
R Saw ¥
Qu(t) - ¢‘”a ? i (38)

Proof: Below, the two formulas which can be proved by expanding the ex-

ponential function in a series are used [see also, for example (Bibl..,), /35

# I wish to express my thanks to Dr.H.Eltermann for developing the idea of
theorems 6, 7, and 8.
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pp.121 and 138]:
»+L 3 L .
ce e , if BLULH, (39)

(0}‘7' é“?ﬁ'ws}:crcbm, if 5'5-532 (1,0)

First, it can be demonstrated on the basis of eq.(z,O) that m(t), according to

eq.(37), is a fundamental solution matrix of eq.(11). [But note: ?(0) =G.]

The constant matrix $ (see theorem 1) can then be calculated from eq.(10) with

) 4
¥ -uym- ;/”‘fur . (41)

from which eq.(36) is obtained with eq.(35).

t = 0, yielding

It only remains to prove that the matrix ¢*%(t) defined by the argument
(37) in accordance with eq.(30), can be written in the form of eq.(38). Because

of eq.(35), #**(t) has the period P, since

?
_/(ﬂ{r)- 05“ d: = 0O (42)

The relations (37) and (38) can be reduced to the identity

ftﬂl'ruz .f( - A Mz 2

if it can be demonstrated [see eq.(39)] that the matrix ﬁ'** is commutative with

t
the matrix [ %(7)ar, i.e., if
(o]

? t ¢
‘/alz)lr./ a(.-)lo- =./ﬂ/ﬂ-/" -/?ﬂar)l‘: ()

is valid. Since this equation is directly understandable for t = 0, eq.(44)

will be obtained by differentiation to t, based on the commutability relation

?

?
/ﬂ"nlr N L. hw-januz ) (L5)
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Taking the periodicity of % (t) into consideration, we can calculate /136

(2% 4 ey
ﬂm /ﬂtn(. = ﬂm (f Aeordv~ /ﬂlnlt)
2y 4 (LG)

= a“"l’)j a(rtJT - ﬂw : /ﬂ(w(t

and, taking eg.(34) into consideration,

(34

- ﬁ‘-;,./z ﬁl,u-or)-fﬁ('nll’ Qi) =
‘o P
(/' a:z)-(t~ _/ﬁ/z)d )’lln = /ﬂl(:)lz ﬂlﬂ

which proves egs.(44) and thus also eq.(43).
By a similarity transformation, the matrix (35) can now be brought to the
Jordan normal form, indicated in eq.(27), in such a manner that the sequence

of M, 3, ee., ¥ is the same. This will yield a matrix 8°, for which

AT g AT (47)

with f from eq.(29) is valid. The eigenvalues of the matrices (47) thus are

mutually equal. Accordingly, the eigenvalues @y of § and & can differ at most

with integral ny. Thus, we have

° ‘%’ g . .
R =& 2 @‘ vith 1§ = n,-‘_'?l‘..fy (48)

by ny °

[see also eq.(27)], if Gy denotes the my-row unit matrix [see eq.(17)]. This
will lead to the following thedrem:

Theorem 7: By a similarity transformation, § from eq.(35) can be 137
transformed into a matrix $° which is correlated with eq.(/,8) over & from
eq.(29), so that ! can be calculated.

Theorem 8: The assumption (34) for the theorems 6 and 7 can be replaced

by the stronger assumption
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Lo fo-0eo Aw (49)

at arbitrary t and 7.
Proof: It is to be demonstrated now that eq.(34) (with arbitrary lower
limit) follows from eq.(49). We calculate:

¢ (2 ¢
aw.f an).l'r -fﬁmﬂlma ./ﬂm ﬁuuz.jﬁm.lr.ﬂw. (50)
& 6 4 &
Section 3. Transformation of the Differential Equation System /38

to a Normal Form

Theorem 9: By means of the transformation
z() = $e) - 0 (51)
with ¢(t) from eq.(33), the system of differential equations (1) is transformed
into the following system [Floquet's theorem, see for example (Bibl.3),

Chapt.III, Sect.5, and specifically p.75]:

4 L. 0. B (52)
with [see eq.(32)] T
B8 = Lp(e) - £ (®) (53)

which has the constant matrix f according to eqs.(29) and (27) and also has a
9(t) periodic with P. We will call eq.(52) the normal form of our system of
equations (1).
Proof: 1In view of eq.(32), a substitution of eq.(51) into eq.(1) and
consideration of eg.(53) will yield
»'- Q"(ﬂ?'?’w t & -
It then remains to demonstrate that the matrix to be applied to b is equal

to 9, ioeo,

¢,' n¢ - gd . (54)

In fact, repeatedly taking egs.(33) and (11) into consideration, we obtain
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TR LT T T e T e —_—

'(04-¢)- ¢ (ng-g' e *y g te.%)-

- . - (55)
-4 (ag-mgetp e g) -k
Theorem 10: The homogeneous system /39
% - & wo (56)

conjugate to eq.(52) has no other solutions periodic with P than solutions of

the form

" - Comgt (57)
Naturally, an analogous statement applies also [see eq.(12)] to the system
% e-&Ta . (58)
adjoint to eg.(56).
Proof: The system of equations (56) is resolved into the mutually inde-

pendent systems

..,v' - A v, (( P= 1,2,.0.48) (59)
Here, we then have
“'
"
i Y & (60)
"A

Such an individual system (59) possesses the following my-dimensional solution

vectors R, t
w0, (t) =~ e - £, (61)

with an arbitrary constant vector cy. Because of [see egs.(27), (23), and

footnote on p.32]

°.1.
d, = ‘r £y *“z with “Z" (62)
2 ¢ L
eq.(61l) will be transformed into wt, Xt ol
w’(t)-e -e - £=e L,
E I
(63)
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Because of eq.(20) (with q = P), the vector (63) is periodic with P if and /L0

only if

«, =0 and ‘t;'

(64)

Os ¢+0 2

where ¢y has been normed. The only normed solution vector of eq.(59), periodic
with P, will thus be
1
-, - ) if 4o, (65)

o
The corresponding solution vector w(t) of eq.(56), which is periodic with P be-
cause it is constant, will have, except for a 1 at the point
(¥) amy + By + e em |, 4+ (66)
with ay = O, only zeros as components. The n-component solution vector of
eq.(56), conjugate to eq.(65), will be denoted by W(yy. This means that in
eq.(60), allpu = O must be used at » # v, so that my will have the value

leq.(65)]:
W) - ‘g,' y i #=o0. (67)
5
This will yield the auxiliary proposition:
Lemma: The constant solution vectors of eq.(56), i.e., the vectors peri-

odic with P, are linearly composed of the vectors (67) withmy from eq.(65).

Analogously, the normed constant solution vectors for eq.(58) are

°
~ - é v if o, =0,
ta o’ (68)
o
with the my-component vector yan!
°
“ooule] o (69)

-0

1,0




where Ugy) , in addition to zeros, has only one component 1 at the point

A

Iv] =m, +m, + ... + 1, with %y= 0, (70)

Taking eqs.(30) and (31) into consideration, we obtain directly:
Theorem 11: The solution vectors h(t) of eq.(3) and 3(t) of eq.(4), peri-

odic with P, can be written in the form of

VRO JORU RO JOF (71)
and, respectively,

L - O 0 -
where (V) and [v], respectively, have the meaning of eq.(66) and (70).

Theorem 12: For the systems of differential equations (1) and (52), we
always have simultaneously thé principal case or the resonance case or the ex-
ceptional case.

Proof: According to theorem 11, the solutiohs of egs.(4) and (58), periodic

with P, are at a one-to-one correspondence. In addition [see egs.(5), (53),

and (71)], the following applies:
P

H T -4
IJJJ‘" Aerd T cf fn;lz)(l-f- c-n).ri,z, dr = LL_@
o : ? (72)

T
= ]a[o Brrdr “/br';r,dr 4

P o

where the conventional notation was used. Now, the correctness of theorem 12
can be read directly from the second paragraph of Section l.
The matrix 2(t), defined in eq.(33), is broken up into the sum of s n-row

square matrices

P ()87t 671 48, (73)

(v), in the columns with the numbers

where the matrix ¢

(¥)y (¥) +1, ....C¥] contains the vectors § (t),..., f_ (t)

but otherwise only zeros®. The system of differential equations (52) decomposes

% Here, the notation of egs.(66) and (70) has been used for the first time
without the restriction ay = O.
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into the independent subsystems
'
‘K; .iy “" + ﬁ;(t). Y= 1'2,....5' (7&)
where we always have the dimension my; here, dy(t) contains only the components

(v), eee, [V] of 6(t). Then, we have

10, (%)
10, (¢)
© @) «| 2 S0 v 0] e sgt®e), (75)
%, (¢)
if the n-component vector
°
w8 Y 1,2,...8

¢t b}
K (76)
0
is defined.
It would seem logical to introduce the vectors

HORE LI ORY MO IO
(77)

cJ _
- z ';.(t) V;._(t)
peEN
in which, however, all n components may differ from zero, for which reason the
denotation was supplemented by an asterisk. This will yield:
Theorem 13: Each solution y(t) of eq.(l) can be written in the form
Z() - SZ (440

»=1

(78)

with g;“) (t) from eq.(77).
Lemma: If, specifically, $ has a diagonal form, eq.(78) with (v) = [v] = v

specializes to

(v) n -
Tc(t) = t_ t*(t) = E Lut) L (t). (79)
Y=1 Vad X!
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TR LT TR TR T

Resolving, in accordance with eq.(73), yAN

TR O POYC PP IO (80)
as well as
A RV £ .. K™, (81)

the following theorem is obtained:
Theorem 1l4: The vectors I;V)(t), defined in eq.(77), satisfy the s systems

of n differential equations each

U
(RO )2l +F7 ), 7= 1,2,00008 (82)
with
'
£ ) <7 7 (1) =P F (B (83)

under use of the above symbolism.

Proof: By differentiation of eq.(77) and with consideration of eqs.(74)
and (76), we obtain
2o = B 0 4 §7 0
2 3 0™ 4 37 (AT 0™ + 87)
_(;,,,' + @wof”’)"'w + éu) #w).
It is readily verified that
" s g A" = AP (8s)
in which case the form of the matrix #''’ must be taken into consideration.
This will further yield
SPUTL T AP LT
from which, according to eq.(77), the correctness of eq.(82) with the first /45
relation (83) is obtained. The second relation (83) can be perceived as fol-
lows: The zero columns of ¥’ are transferred into zero rows of Y(“)T. Conse~
quently, it follows from eq.(53) that
TN VLAY (65)
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Section /. Discussion of the System of Differential Equations [L6

in the Normal Form

Theorem 15: Let the matrix $ have a diagonal form and let 3;, +.., 3. be

o

the independent solution vectors of eq.(l4) with the period P and, finally, let

leq.(72)]

P .'F *0 for o~ Yoo

P
j};ml.nlr o Jbatmdx & . (86)
o o I} for o S A TR I

Then, for 1 < u < 0 (partial resonance case)* each component of I;P)(t) [see
eq.(79)] for which the corresponding component @ (t) does not vanish identi-
cally assumes, with increasing t, values of the order of magnitude of t; for

B =0 +1, 4so., P (exceptional subcase)*, all these g;e)(t) are periodic with P;
forw =0 *+1, ee., n (partial main case)% exactly one g;?’(t) periodic with P

exists.

Proof: Since ¢(t) is periodic with P (theorem 5), the analogous theorems

need be proved only for the 8'*)(t). These have only one component w (t) dif-
fering from zero which, according to egs.(52) and (74), satisfies one equation

each of the form

u';‘s LR 9‘(:;) ( A=1,2,..0,0) (87)
The general solution reads
t «, (t-T) « t
» ”~
we = Je hmds 4 e (8)

with an arbitrary constant ¢, In the case 2, #0 (n =p + 1, ..., n), accord-

ing to eq.(88) and from the condition

the constant q, can be uniquely defined as

#* This case, however, must not rnecessarily occur.

LI




1/‘1'

P
-u T
ﬂ
C. = ‘;.f_ e b, m1dT . (89)

-~ o
In the case 9y = 0, according to eq.(88), we have

¢t
v/‘(t) .Jl}.‘rur-fs‘, M= 1,200y 8. (90)

Forw =0 + 1, ..., P, this is periodic with P at any selection of the con-
stants que At B =1, see, O, €q.(90) can be written in the following form [see
eqs.(86) and (88)]: ¢

G(t) -tat +f(l}‘tn-%a/.“)i't+c/.,, A=t y0m (91)
o .

Since the integral is periodic with P, the linear increase of w(t) with t
follows from eq.(91) and the corresponding statement for g;g’(t) follows from
eq.(79).

This theorem is a special case of the following:

Theorem 16: Let §§ not necessarily be a diagonal matrix but let it be
given in the i;rm of $ = éﬁP [see egs.(29) and (27)], with the elementary com-
ponents R = e VP, where the quantities fty are the elementary components of the
Jordan normal form of the matrix @ [see eq.(27) with q =P). If e " #1
(principal subcase), then eq.(7,) will have a uniquely defined solution vector
O(y) (t) periodic with P, so that [see eq«(76)] the vector g;v)(t), defined in
eq.(77), has the period P. If "' =1 and [see eqs.(70), (71), and (72) as

well as theorem 12]

P Y 4
T
! }tdl'r),{lt)i‘t = J BCvJ teydt =0 (92)

(exceptional subcase), then a one-parameter family of solution vectors by(t) of
eq.(7,), periodic with P, will exist from which a corresponding family of

vectors 'Y’ (t) will result. Finally, if the following relation exists in

45




addition to eV =1

/18

P 4
I}:a(t)lct)lt - Ibca""‘" =a 10 (93)
: °

(resonance subcase), then each solution vector by(t) of eq.(74) and thus also
each t”) (t), with unboundedly increasing t, will take values of the order of
magnitude t-v, provided that my isogche order of By and Ay. (A supplement to
this is contained in theorem 17.)

Proof: In the case ay ¥ O (principal subcase), let us successively solve

the system of equations (7,), starting with the last equation,

[ ¢
« (t-T) «,,
- & J e’ bgﬂ(r)l‘r fcl:rj [ »

T
P ot (94)
o= Je‘v t- .(% «""*9*"3& ¥ 4, €7 foru[3-1,00-0,500.
6

The condition w(t + P) = w,(t), analogous to eq.(89), will successively yield

C"’ -,
™ ey € Thgendn,

bl g «“r (95)
v -
Cp' ‘——,—1 pLs Ig 4 [.;‘“(-z)fl,,(r) dz, e D=1 00, ),

Thus, the vector by(t) periodic with P and thus also ¢! (t) is uniquely defined

in this case as well®. If oy = O, then

]

. ?
”,- ( )"”d N J":vz""’ (96)
&gy,

# If R(2y) # O, the integrals in eq.(94) with to = sign R(ay) * ® instead of O
as lower limit, will automatically have the period P, as can be readily veri-
fied. Irn that case, the last summands in eq.(94) must be omitted [q, = O for

o= [v], [v] =1, eee, (V)].
L6




Eo e S

(see eq.(86)] is used for decomposing the vector in eq.(7.4) /L9

$,0 - 2o, 4 8w, (97)
where
4 t 3
[ bpymexr =0 (98)
Let ’

x
w(t) = (t) + 192(t),
e = > (99)

where, because of theorem 10, it still can be stipulated, for example, that the

first comporent q ,,(t) of av(t) satisfies the condition

?
af Joy 4 =0 (100)
Then, eq.(7.) is equivalent to the two systems
7;“) * é_"%(t) * % 2, (101)
and , « .
wh(e) - A& @)« B, (102)

Solution of eq.(102) in a manner analogous to that used for eq.(94), will yield

x jf * X
Vivs ) .o L[’J (nd ¢ + cr'J

&
E X x (103)
l}“_(t’ -'-’o‘/(/lc‘","z) ‘fé“'(f’)lf + 5“‘, A (£ RSB

% 3 %
The condition b (t + P) = b*(t), because of the fact that @, (r) = {,(7) is valid

for b = (V] = 1, +ee, (v), will yield

P
f‘ (Ddx = [ *
[bamis o wfiimrpmie v, uay

Because of eq.(98), the first condition is automatically satisfied. Conversely,
the remaining conditions (104) successively yield unique values for the constants
C*[vj, c*}v]-l, seey c?y,+1, whereas C?v) remains completely arbitrary. This /50

means that eq.(102) has a one-parameter family of sclutions by(t) periodic with

L7




P. If now, in addition to @y = 0, also eq.(92) is satisfied (exceptional sub-

case), then ay of eq.(96) is the null vector and eq.(lO2) has the zero vector
as the only solution vector periodic with P which satisfies eq.(10C). This
means that the above calculated one-parameter family of solutions Df(t), peri-
odic with P and having cfv) as parameter, furnishes the only solutions Uy(t) =
= bt(t) of eq.(74), periodic with P. From this, the quantities t;"(t), peri~
odic with P, can be calculated a;cording to eq.(77). Conversely, if eq.($3)
coexists with @y = 0, the system (101)

)

H
= 1 e = » - -
) Ty 2 I 1, Yt | reld-1,...,0) (105)

is solved in the form of
9, (t) = Polynomial of the degree By + By + oo + B+ 1 -0
=03+ 1 -r(Fa (¥), (M + 1,...,00) (206)
La
with the highest coefficient ?ﬁ%:ﬁE%T . Consequently, specifically q(v)(t)
will be a polynomial of the degree my. Since, because of eq.(98), the terms

{ vl =0

*
vg(t) in eq.(103) increase at most like t , meaning that va)(t) at most

will increase like t'v-l, each solution by(t), with increasing t, will take
values of the order of tlQ in accordance with €q«(99). The same statement then
also applies to the vectors g;V)(t) to be calculated from eq.(77) since, accord-
ing to eq.(30), B\V)(t) cannot be the null vector.

Without further proof, these same considerations show directly:

Lemma: The components v, (t) (o = (v), (v) + 1, «o., [v]), in the resonance
subcase, take values of the order of t[v1+1-a with increasing t. The same
statement applies to the vectorial component summands E%(t)vb(t), occurring

in g;y)(t) in accordance with eq.(77), for each scalar component for which the

corresponding component of‘EL(t) differs from zero (see theorem (17). /51
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Theorem 17: In the resonance subcase, each component x‘:)(t) (c =1
esey N) Of Ty V) () from eq.(77) takes arbitrarily large values with increasing t,
unless, for example for 0 = p, the components ¢ u(k = (v), (v) + 1, ..., [V])
of the o'l row vector of ¢ [see eq.(33)] all vanish; in this case, we have
(V)(t) 0. More accurately, it can be stated: If we do rot have x (v) (t) =0
(see above), then x( v) (t) (p =1, 2, ees, n), with increasing t, will take
values of the order of t ¥ pronded that in the p'P row of ") [see eq.(73)],
the quantity Pog v)+) is the first component differing from zero.

Proof: According to eq.(77), (99), and (106), we can write

o)
» = §w ( 2% + w0* “”m)

ir @ "{t) or " {t) represent the n-component vectors supplemented by zeros

#
from q,(t) and b,(t). Rather than by eq.(100), the resolution of eq.(99) is now
restricted by the stipulation that by(t) is to be periodic with P and normed.

In addition, we have e SN 3 " £, _
’ O ARG D Ik A S (107)

Lt Xi]
[see eq.(33)]. In this case, :5(\,) (t), oee, Prv3 (t) are linearly independent
vectors with the period P whilé g,(t), according to eq.(106), is a polynomial

in t of the degree [note: o = (v) + A]:

v+ 1 -—rcn'-al. (108)
Thus, the Dth component of eq.(107), taking eq.(105) into consideration, will
2
become Li
Xp (%) = ZT SR () +Zy 9, (0. (109)

Since the first sum in eq.(109) is periodic with P, it will remain finite for
all t. If Dof vy +) is the first nonvanishing coefficient in the second sum,
LR

then x )(t) will take values of the order of magnitude t with increasing t.

We still note the following (slightly weaker) alternative:

L9




Alternative: Either x;;)(t) assumes arbitrarily large values with increas-
ing t or else x;;)(t) = 0 is valid.

Note: If, corresponding to eq.(73),

]9. - 19",1 Igc.nt oy 19(» (110)

th

is defined, then from the vanishing of all elements of the P~ row of Q('), be-

cause of eqs.(30) or (33), the same statement follows for of ¥’ and vice versa.

Section 5. Examples £33

Example 1: (Re theorem 15, resonance case and exceptional case, and theo-
rem 8).
Let us consider the system of differential equations
{ x) = X, cost + X, sint + f,(¢)

x} = - x, 8int + x, cost + £,(t) (111)
under the following two assumptions:

£4(t) = e%int g (1 -cost) (1lla)

£,(t) o - e®18% 540 (1 - cost)
and
{ t1(t) - Zeuntsint sin (1 - cos t)

£5(t) = - 2¢®12%gint cos (1 - cost) - (111b)

In eq.(111), we have

DI,(t) = i J' e t) =cost?+ sint J

*
- s8int cost (2.1)
with
o 1)
Yy - | ) (112)
-1 ’ o

# The numerals in front of the period refer to numbers in the main text while
the numerals behind the period designate the number of the example involved.
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On the basis of this latter presentation (2.1) the validity of eqe.(49) can be
directly verified. Therefore, at P = 2m, the quantity 8** from eq.(35) will /5,

be the zero matrix, i.e.,
-7 (36.1)

and

@ () = U®) (30.1)
Z-/-(t) -g(t)- (31.1)

In addition, eq.(37) must be used as the solution matrix of eq.(3), because of

as well as

eq.(49) (see theorem 6). Taking eq.(2.1) into consideration, this will yield

t .
Il«’z € pant T ot (-w8)T
]g(t) - . - € . €

‘ (37.1)
ol F 3
e .f [{f(t-«t)f— &iﬁ_ﬁ f-(_':.;gl_ 7#-"]
ot
=ec . ¢ [«(1-«:) £ 1 -'-(1-e-¢)f_]
cos8(1 - cos t ) ' gin(1 ~ cost )\ [e5iR t , )
- 8in(4 - cos t) I cos(1 ~ cost ) lo l esht
Therefore, it follows that*
, Icos(‘\ -cost) !sin(‘l -cost)|feBint,
t) = .
3( \- 8in(1 - cost )]cos(1 - coat ) lo [;sint (12.1)

All solutions of eq.(l) thus will have the period P = 2m,

In the ¢ase (11lla), the resonance case is present since it is calculated
that

ar r
f’;"rr),{m(z . f1--l:- =27 (resonance subcase)
[} (8601&)

” o7
f z (DVATUT = !0'41':0 (exceptional subcase)
o

# By substituting egs.(37.1) and (12.1) into eq.(10), it is possible to confirm
eq.(36.1) as control,

51
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Taking egs.(53), (75), (76), and (31.1) into consideration, we obtain 155
¢

t
v, (t) .]L,l‘nlr -I J,T-'r),{r-nl‘: » (71‘.1)

and thus, under consideration of eq.(30.1),

27w - 9Py =g m [}:«t) AirodT fc,_] . (79.1)
Calculating out, eq.(37.1) in view of eq.(86.1a) will yield

™~ ¢CMC1 cost)
(t) sint
= 8in(1 - cos ¢ ))‘ (e« S1)s

@ sin(1 - cost ) (113)
z (®) '(cos(1 ))eaint Co .

cost

In accordance with theorem 15, each component of g(l)(t), with increasing t,
will again and again take values of the order of t, whilet(z)(t), as a vector
periodic with 2, will remain restricted. The general solution of eq.(111)

then becomes .
Z2() =22™M(t) 2 (v) . (78.1)

In the case (111b), the exceptional case exists because of

T
f &)

s 4
-
[J' (v AvidT = Efsin‘t sin(2—2cosr)dr--cos(2-2coer)L =0,

e .lr ¥ 1 (86.lb)
jJ:;‘Z)‘ffr)l?--z’/sin'rcos(2-2cos'r)d‘f--sin(2-2coa'r), =0,
[ 0
Analogous to eq.(113), calculation yields
- cos(1 - cost )
[z (t) = eSint [‘\-cos(2—2 cost)«:,‘]
- 8in(1 - cost )
(114)

@ sin(1 - cost ) ]
2 (t) = eSin t[— sin(2-2-cos 0«:2].

\ 063(1 - cost )

The general solution of eq.(111), composed in accordance with eq.(78.1), thus
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has the period 2m.
Example 2. (Re theorem 15, principal case, and theorem 8). 156

The system
x) = (1 + cos t)x,‘ + (2 + 8int )1:2 + e840t g ((1¢2t)—c039

xé = =(2+8in t)x,‘ + (1 4 cost)x2 - e%in tsin ((1+2t) - cost) (115)

possesses the matrix

- 8int 1+ cost

1+cost |2+ sint
a(t)(z cos + 8in )-(1#005 t) {¢(2¢Bin ﬁj (2.2)

with J from eq.(112) and satisfies the condition (49). As in the above example,

we find
A -t 2] (35.2)

so that
a * . ez’l’(f":ﬂ- Ozr'f. e“'j - QZT“o' (3602)

since derivatior is made by the method of power series which consists in expand-

ing the exponential function
earj -t
Consequently, in the diagonal matrix B, we have [see eq.(16)]
2r
l1-12-e .
Thus, the principal case is involved here. In addition, we calculate

lg(t) - alt * sin ¥, o1+ 2t ~cost I

( co8(1+2t=cos t) | sin(1+2t-cost)) (e1= + 8in 7 ° ) (37.2)
- t ]

sin(1+2t-cos t) ‘cos(1+2t-coat) Lt-—sin

o

from which, by means of eq.(10), we again obtain eq.(36.2). Analogous to /57

eq.(113), we find

) cos(1+2t-cos t) . N
2 (t) = et + sn:t.(_‘t’,‘*c")’
- 8in(1+2t-coa t)

'Cm(t) ) < sin(1+2t~cos t)) et + sin t-cz .

(116)

cos(1+2t-cost)




With ¢; = -1, the quantity ;'(1) (t) becomes periodic with 27 while at ¢z = O the
vector r(a)(t)and thus also the total vector (78) becomes trivially periodic.
Example 3. (Re theorem 16, resonance and exceptional case, and theorem 8).

Consider the system of differential equations

x," a - x,‘sint + X5 [1 +(sint+ cos c)esint "cost]d,‘(t)

(117)
xé =~ - x,8int + tz(t)
with
f1(t) - OSint -1
and, respectively, { £,(t) = 08t =1
fz(t) = O, (ll?b)
The coefficient matrix becomes
sint' 1+ (sint+ cost ) eSiRt - cost
(118)

~ sint

a(t).
o | .
/58
.- sintfo[‘lo(sint + cost )eSint - cos t]‘f, .

f? (: ;) (119)

Here, %(t) satisfies the assumption (49). We can then calculate directly

A (: :) (35.3)

if we define

so that, because of@g =0,
127
# -e2'9 -{#27‘9-(0 /, (36.3)

Consequently, § is an elementary component of the rank m = 2, with the eigen-

value A = 1, Further, we obtain
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lg(t) = .(coat -—1)f+(.“nt— coat_;u t)'@

} (37.3)
- oS08t~ 1_(. [f . (.sint ~ cost_ -7 t)gj
- e(:os!: -1 { 1.[381" t - 1‘ t ecos t -1_ecost-2],
eCost -1 , esn‘.nt -1_ eCO8t -2‘ teCO8t ~ 1
B ° ] ecost: -1
. é(t)p"
with
eCOst - 1 sint- 1 _ cost~-2
$ee - [« - : (120)
° | ecost- 1

where egs.(30), (35.3), and (36.3) have been taken into consideration. By means

[59

of @) = P 10 (51.3)
the following system of equations is obtained:
%‘.45"- ©. B(t) (52.3)
with [see eq.(32)]
L4ORE MOE (53.3)
In the case of eq.(117a) and in accordance with eqs.(120) and (117a), we
have ‘G(t) ~cost +1 ;L_esint— 2 cost +1, e-cos? esint- 1L
° . e-—cost+ 1 et:os1:--‘y (53.33)
(-1
= 1 -
Because of
v
/ b(z2ds =27 (92.3a)
L4

the resonance case is present.

From eq.(52.3) [see alsc eq.(35.3)], we then obtain

v! = v +e-1
2

vé“"v2nt+ce‘
s -1
v1=§+c2t+e toc,‘.
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so that, according to eq.(51.3),

3 .
cost-‘!(% v e, t s e"1t . c,‘) ’(esmt -1_ecost -2)‘,,“',)

COSt = 1

) (121a)

(t + 02)
In accordance with theorem 16, r(t) takes values of the order of magnitude ta;
in accordance with the lemma of theorem 16, v;(t) and thus also x;(t) again /60
and again are of the order of magnitude t®, while va(t) and x(t) are of the
order of magnitude t.
Analogously, in the case of eq.(117b), we obtain
1
B(t) - o (53.3b)
T
Jberdz =0 (92.3b)
9
80 that the exceptional case is involved here. From eg.(52.3) we obtain
v% -V 4 1
Vi=0 4 V5 =cCy,

71-(1+c2)t004|

and thus also, in accordance with egs.(51.3) and (120),

[tecogt - 14‘ eaint -1_ ecost -2]°2 + €508 t'1(c1+t) . (121b)
o8 t-1

T(v)=

€2
Obviously,
r(t +2m) = ¢(t) is valid for ¢ = -1
Example L. [Re theorem 15, resonance and exceptional case, at general
u(t)l.
Consider the system [61

{ x,’, = (1 4+ sin x, + sint x, + f,,(t)

x) = sint x; + f5(t) (122)
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with

4 1 - cost
t1(t) --3e (sint+ cost)
NORFEAAL S
and, respectively,
f1(t) - .1 - cost
fa(t) -0 .
The coefficient matrix
. a(t)' 1 + sint I sint
o , sint

(122a)

(122b)

(123)

t
is not commutative either with %(T) or with brsl('r)d‘r, as can be readily checked

by calculation. From the second equation of the system (3) we find, together

with eq.(123)
’ ’a(t) - cz °1 - cost .

and thus from the first equation of the system (3),

J1(t) aet - coat(c1 + czfsin'te L di:') -

- - -t t +s8int 1
- c1et e1 cost caet e‘1 <:ost;(_e SLS._E?-__ . 9’

so that we can select

19 '.1 - cost et l-%(sint+ cos t) .
o [ 1

Hence

1 1 2w \ 2r
2’ e - z e [¢]
¥ .1‘2‘1(0).19 (27 - ) ). X
[« [+]

The matrix g is partitioned into the two elementary components §; with the

eigenvalue A; = e and $z with Az = 1,

Further, we calculate

57

(7.4)

162

(10.4)




et 0

3 .19-1T. ecos t- 1

_————

% et (sint+ cost ' 4 (12.&)

In the case of eq.(122a), because of

1 34

J 3:"‘)1(1’)47 =27 (86.1a)
[}

the resonance subcase is present for $, and the principal case for $;. We then

use the method of variation of the constants® for further calculation. In the °

argument - :
() = 250 + 51 (9.4)
we then have . [63
t
t:(t) el -cost e Con
(]
1 X (lzli)
-5 (sint t
z;(t) - el - cost ( 2 fein e cos )(t +co)e
1

The quantity g: (t) again and again assumes values of the order of magnitude t
*
while ry(t), on selection of oy = O, is periodic with 2m.

In the case of eq.(122b), because of

Fa s

,I ];r('r)/ff'zplt =0 (86.1&))
°

# On substituting eg.(9), under consideration of eq.(8), into eq.(1l), we will

have , ,
z'= lQrf 194‘ =ﬁtgf/{.ﬂllgt*,{,~
i.e., according to eq.(12)

’ -1 T
< = . 4 - g
this will yield 39 ? + :
ot = f ‘?}rz,/hnd-: + 4 -

For the summands of eq.(9) in view of eq.(8), this furnishes

¢
2‘:‘(:»- 9, m(j}f:r) Andt ¢+ c”) .

]
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the exceptional subcase exists for 3 and the principal case for $;. As above,

0q.(9.4) is obtained with

" t
Z(t) = o' = C08t ( ) )'(' e . °o1)

1 .
-5 (sint + cost)
t:(t) - e‘1 - coat( ) Con »

1

(125)

Here, r3(t), for any coa, has the period 27 while ri(t) has this only for €o1 = O
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PART IV 167

THE RESONANCE CASE IN LINEAR ORDINARY DIFFERENTIAL
BQUATIONS OF THE nth ORDER

Section 1. General Considerations

In an earlier paper (Bibl.l), we investigated the resonance case in systems
of n linear ordinary differential equations of the first order with periodic
coefficients. Here, this theory will be applied to linear ordinary differential
equations of the nth order with periodic coefficients. Consequently, let the

differential equation
L) = x(n) + a,‘(t)x(n'1)+... + an(t)x = £(t), (l)

be given in which, for all coefficient functions and for the function f(t),
reality, continuity, and periodicity with the period P are assumed:
ap(t + P) = ay(t) (A= 1,...,0), £(t + P) = £(t). (2)

Using the notations
1x-x, 2x-x".‘.' nx,x(n"‘) (3)

the differential equation (1) is transformed into the system

z' = (L) + 4 ()
with
x 0 1 0 [} [ ]
x' ) :
el : - - k= (5)
T - QL v ooy g ,
= ~a . ), -~-a-tlw,-q'.¢) fd

To the homogeneous differential equation conjugate to eq.(1l)
L e 7« a0y Vel a ()7 = 0 (6)
the following system of differential equations will then correspond

L MER/ION (7)
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with

E 4
3- | ¥
:;h-‘)

The homogeneous differential equation, adjoint to eq.(6),
T geds (-0 2Ma(1) N a (9)2) PV, e (t)2e0

when using the notations

n.qz--nz'+a1nz-l1z-z'

n_az--n_,‘z'+aanz-nez-(a1z)'+z'

< p-3% = = n_zz' + 85 ;2 = 852 - (azz)' * (a1z)"-z"'

* ’ » . _(a~1)
1z .-."* L ad L l-(““ 2) '(“‘Jz) ;.."‘.1, 2

o-—,,z‘+a z;-I:(zJ

DD

will be transformed into the system of differential equations

O O
with
3
ol
o3

In another paper [Bibl.2, eq.(17)], the following was demonstrated:

If p(t) is a fundamental solution matrix of eq.(7), then

3(1:) =(L9"'(t)).r -(31, ST J'n)

is a fundamental solution matrix of eq.(11). According to another paper

(8)

(%)

(10)

(11)

(12)

(13)

/69

[(Bibl.1l), eq.(30)], a fundamental solution matrix 9(t) of the following form"

# For abbreviation, we will later write ;@,(t) = @qu(t) and analogously in the

first component of other vectors.
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o
P = - _ n‘fls ®
19«) - Qm.e ’ ftg;g(,.,‘m,.., y‘m), g 0= ,.:é.m (114)
exists, having a matrix ¢(t) periodic with P and a constant matrix & which
latter is written in the Jordan normal form [see (Bibl.l), egs.(27), (28), (29)],

from which, for the fundamental solution matrix (13), the following presentation

is obtained [see (Bibl.l) eqs.(31) and (32)]:
T
- -RTt
?{n-(§-|m)"t . £ t: ]_I_m,.e‘ i th )__f_g(.":,...,ir").(f}d‘r (15)
We will treat the general case [see (Bibl.l) eq.(27)] that the matrix & is
partitioned into s elementary components

o, 1
A-,. ...'_ » Vel - ya

" (16)

with the orders my, in which case the following is assumed to be valid

® 0 forv = 1,.0., ¢
. (17)
$0 for Y= 8§+ 1,00e48
(p =0and p = s is admitted).
For the general solution x(t) of eq.(l), using the method of variation of

the constants [see (Bibl.l), eq.(9)] and the footnote on p.58, we obtain

/70
x(t) = zy,(t) . ! z’ (t) f(t) ds (18)
[see egs.(5), (10), and (13)] which can be resolved, in the form of*
x(t) =« 37 " x(t) (19)
vat
into the components
Yx(t) g (t) - } z (t) £(t) at
B (20)

* We changed the symbol x'¥) into "x from that used in our first paper (Bibl.l)
so as to prevent confusion with the derivatives.
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with the summation indices [see (Bibl.1l), eqs.(66) and (70)]:
(M emyeme i om e,

(21)

™ “Bm,+ By ... em.
For the components "x(t) with v =p + 1, ..., s, we can assume that they
are functions periodic with P. These are uniquely determined [see (Bibl.l)
theorem 16].

In the case v =1, 2, .+., P, the following is obtained in accordance with

our- first paper [(Bibl.l) eqs.(109) and (106)]:

v t".P v@ w
) = 2y mrmar G (22)
where Y@, (t) has the form
'e‘(t) - i'c,, c,""’ ) ftor /o= 0y T4e00,my, =1, (23)
= *x
v = v b/ @
Q’Iu Z(cr“' 1 ‘7.«"“) ney (21.)
The v:cvﬁy(t) defined elsewhere [(Bibl.1l) eq.(99)] are of no importance here. /71

It is further found that the constants ch-’ aside from depending on v, depend

only on the difference W ~ v; thus, using

"c,,,-"d,.-, (25)
eq.(23) can be replaced by
'9#"'% v‘f-'l oo™ for me 0,1,...m,= 1; (26)
with the procedure being the same for eq.(24). The quantities vle-Y with B -
- Y > 0 are arbitrary integration constants, whereas
'd.- 'c(‘f - %‘:,j (A= 0,1,0.0,m, = 1) (27)

with [see (Bibl.1l), eqs.(86), (92), (93) and note nfy; (t) = z(yy (t) according
t (10
o eq.(10)] ? ,

-
%" ] Jt'J"‘,/{tT) dr -!‘pj(nhnlr . (28)
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In the resonance subcase (V = 1, ..., 0) the quantity Yx(t) will always be a
polynomial of the degree my with the coefficients vEh(t) which is periodic
with P, while the coefficient '3 (t) of the highest power is obtained from
egqs.(1L), (26), and (27) as

"O.(t) - BT (® (70 ), (29)
which means that it is an eigenfunction of the homogeneous differential equa-
tion (6) periodic with P. If, in the exceptional subcase, “dBy with the small-
est 3y > 0 is the first nonvanishing coefficient (25), we will obtain in an
analogous manner, provided that By < my,

[12

'9‘ m =0 for 0§aLpSs veeu-2f,

(30)

"6’ W = vJ" JN’ m " <“1 .

In what follows, eq.(22), omitting the highest t-powers with vanishing coeffi-

cients, will be written in the following form:

« L for 7= "gooo'
Vx(t) .Sg_a”-it vy -
,.“"” “"".,'<" forv= o+ 1’..." . (31)

A solution (19) of eq.(1l) which is represented in the form (31) for v = 1,
eee, P and which is periodic with P for v =p + 1, ..., s, will be denoted here

as the "normal solutionfs Such a normal solution can be written in the form of

- .,-J‘
x(¢) JZ o (32)
where
w = ),.’ ("v :o) (33)
(v=1-2)

is used and where the ¥s/ ) are composed of the “@h(t) in egs.(26) and (2,), to

yield functions periodic with P.
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It should be emphasized again that, in eq.(32), only one special solution
of the principal subcases is used, namely, the solution periodic with P, whereas
in the resonance and exceptional subcases the complete solution is used with my
arbitrary integration constants. 13

In view of eqs.(29) and (30), the following theorem can be confirmed:

Theorem 1: If, in eq.(33), w > O, then the factor ¥o(t) of the highest
power £’ occurring in eq.(32) will be a nonidentically vanishing solution of the
homogeneous differential equation (6), periodic with P.

It is directly obvious:

Theorem 2: If the resonance subcase is valid for v = 1, «ss., @ > O, the
order of the powers of x(t) in eq.(32) will be at least

Y3 e v © (::':.1.-9 hr (34)

and at least one solution x(t) will exist for which

S .
v (vc':--ﬂu’

This latter statement follows directly from a consideration of egs.(26), (27),
and (31).

A successive differentiation of eqg.(32) to t yields

- (x-0) e Fy

(a-3)
Iu’ma Z(y;”fls)y;.v f{:)i‘.z 1"'2;- iu— 57

‘l.

k = 1'2.....(11 - 1)'

(35)

where the formally written functions Yéa)(t) with B < O must be replaced by
zero. From this, the following is directly obtained:

Theorem 3: If Yo(t) in eq.(32) is not constant, all derivatives x'*’(t) of
eq.(32), withk =1, .es, n - 1, have the same sequence of power increment ¥

as x(t) itself. If, conversely, Yo, Y1, se., Y21 are constant whereas ¥;(t) is
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not constant, the power orders of the derivatives of x(t) decrease successively

by 1 down to xfc’(t) and, from then on, remain constant equal to w - 4,

Section 2. The Case aigt) #0 i

Considering that, in the case of
a(t)so (36)
the homogeneous differential equation (6) in eq.(1l) cannot have constant solu-
tions, it follows directly from theorems 1 and 3:
Theorem 4: Under the condition (36), all derivatives ¥ (¢) (xk = 0, 1,
vee, N = 1) of a normal solution (32) of eq.(1) always have the same power order.
Note: The only exceptional case of theorem L can possibly be the case of

x(t) = Const. = Cf o (37)

which occurs for
£(t) = Ca_(t) (38)

since, in that case, x(L)(t) =0 forld 21, It is worthwhile to group this

trivial but interesting special case with the general considerations.
Primarily, the resonance subcase must not occur here since then terms with

t-powers would necessarily enter in eq.(32). Consequently, the assumption of a

solution 34(t) of eq.(11), periodic with P, for which [see eqs.(28) and (38)]
»

j 2T A imidr = a, $O (39)
0

is valid, must be continued up to contradiction. This contradiction is obtained
directly from the first and last equations of the system (10), in view of
eq.(39), since 12za(t), and thus also 3q(t), does not have the period P [ see
eq.(12)].

Consequently, for v = 1, ..., P the exceptional case exists while for v =

=p+1, ..., s the principal case is present; here p = O and p = s is admis- /75
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sible.

First, let us calculate the vector

for the special case involved here.

According to another paper [(Bibl.l),

(4,0)

eqs.(85) and (31)] and to the notations in that same paper and in eq.(76) (see

footnote on p.32), we obtain

-
[ ]
.

Bt 5,.13) -'Lf_r,{.ei_t

[
~

Consequently, taking eq.(38) as well as the first and last equations of the

system (10) into consideration, we have

bl Ft

in accordance with eq.(16).
We then define the row vectors

;l;' 7' (#m ’

According to eq.(15),

v t 4
27L t) o j;:n e

so that the following is valid for the corresponding column vectors:

-

‘;' ") = (H:T)T -
Equation (74) (Bibl.l), namely,
= A,0, 14w

'37436

"’1"1'."7) and ’3" 8(.&""" . ‘JzE’J)'

e S

(1)

(L2)

(13)

(L)

(45)




as readily verified by egs.(44) and (41), has the solution

W, 0= (.‘iw, Yo 1,2,000,8. (16)
periodic with P. Thus, eq.(32) according to [(Bibl.l), eqs.(79) and (77)] can

be written in the following form:

x(t) = ¢C S‘L A #(.u"m‘CZ‘HHjm:C (17)
vsl Jao
where, in the last transformation, ¢v' = G was used in accordance with ea.(15).
Section 3. The Differential Equation Reduced in Order 177

Since the case (36) in the previous Section was taken care of, we can

assume below that™

a,t)ysa () =...2 8 je1(t) = o, 8,-3(t) ¢ o,
resga-n® (18)
Using 2(t) = xX3(e) y  3(t) = y(J)(t),

eqs.(1) and (6), respectively, are transformed into

Ty 27900 a(e) 22000 L e (0F - £(0), (50)

i[’ﬂ = §n-j)+ 31(c) y(n-a‘n)* s an-.j(t)§ =0 . (51)

The pertaining adjoint homogeneous equation will then be

= nd -J) a-2-1 n-3-1 ,‘
L{z) =60 z‘" (.,u)z. ...'Q‘_‘»(t)z 0. (52)

Each solution of eq.(52) simultaneously is a solution of eq.(9).
Conversion of the differential equations (50), (51), and (52) into the

corresponding differential equation systems of the first order, together with

* The trivial case j = n leads to the dlfferentlal £ vation x*®)(t) = £(t) with
the reduced equatior [see eq.(49) and (50)] % = x' ? = f(t). The resonance

case or the exceptlonal case is present depending on whether the mean value

1 [
< | £(t)dT is not equal or is equal to zero.

0

69




P: T 93 1 'A .
;. sl z . .
PO N N N SN L (53)
- . . : °
~ A fup1)
P foedr® )L i T
will yield :
i lhwe 1 de (54)
3« Bwj (55)
and , T
3 . - ﬁ w § (56)
with the matrix
([ ° 4 ° L4 W
ﬁ it) = . . . (57)
[ ] o ° 1
- ..‘_‘. ", - h‘_)._' ®), . .. =i, _.'u)

which is correlated with the matrix %(t) as follows [see (Bibl.l), eq.(23)]:

P‘~1 ‘ R
S -t o ‘j; 0—
°
u ) = R * & ) ( 58)
U a it) 0
L . - i
Now let ] /l(z
Py 2 1
B kg
a) ad
) R
~ o ! =
@) = ) 1) Fan ] = : :
2’ (}l Si 1} ?, A=) atn-3-0 alng-9 ( 59 )
) /3 o .”.‘ P
@) 3 » 7] 4
T ) » ~§
J'(m J‘w" J_(a-go*
- . .-}
. (n-9 {n-0 s
4, 3. \:&'
3 P
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be a fundamental solution matrix of the reduced homogeneous differential equa-

tion (51) so that, for f(t), the following representation [see egs.(1,) and

A

(19)] applies:

A

7 VA ; VA o{‘
g(t)=$u).£dé=zt 1&,“):1.120)82 f X0 (60)

rye1

M

r=?

with the fundamental subsystems:

"~
40 for 7= §+ 1|0--t:9

r A N
~
’(v) ‘JEV-J
'ﬂ’“) = V . . 0 = (61)
g0 A fa-g)
.. da
L p
(" 7 @) N
A e |
= 0 0
(n-1) (n-t)
J'(v) }IVJ J
and the periodic submatrices:
r 9
c("(v) - 14‘#1
‘ . (62)
1; ) = 0' ) 0
a-d ‘;fv‘). R € fcn
L J
Again, let us assume [see eq.(17)] that
-0 £Or V= 1y.00y £
{ (63)

where, as always in special cases, P can be equal to zero or 5. In that case,
the matrix (t) can be expanded in the following manner to a fundamental solu-

tion matrix m(t) of eq.(6) [see eq.(58)]:
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~ ' -
&
1' s (':i".? ,' ”'J'T“
oJE Js-j e’ L (6IL)
Qe (9,02 9 = st gD = P9

fu-9 .lq-')
3~ Iy

- o

Here, the square matrix qr(t) is successively constructed by integrating the
first row of the matrix 9(t) in which case the integration constants can be
arbitrarily selected.

Next, we partition the matrix gﬁ(t), analogous to eq.(61), in the form of

2 /81
vy X
1Ql.t(t) -Z LI (65)
into the square submatrices Yoyt

Then, we can formulate the following theorem.

Theorem 5: If the reduced differential equation (51) has exactly f inde-
pendent solutions F(1), Fi2)s see, ﬁ(ﬁr periodic with P, then the differential
equation (6) either will have also exactly f independent solutions, periodic
with P, or else eq.(6) will have exactly p + 1 independent solutions periodic
with P. In this case, the following is valid [see the notations of eq.(Zl)]:

1) If, for all §(,y(t) (v =1, ..., B),

P
] ()8t = o, (66)

[

applies, then eq.(6) will “ave exactly # + 1 independent solutions periodic
with P.
2) If, conversely, for at least one ¥, (t) (v =1, ..., §), the following mean

value
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?
5 ! Yyt =3, f o, (67)

o

applies, then eq.(6) will have exactly f independent solutions periodic with P.
For a proof, the following simple auxiliary theorem is required:

Auxiliary theorem: Let g(t) be a function periodic with P, for which

b 4
j g(t)dt = o (68)

is valid. Then, exactly one function h(t) = [ g(t)dt periodic with P will exist,

for which

§ B(t)dt = o (69)

is also valid.
Proof: For each constant h(o), /82
h(t) = 55(2) dT + h(o)
is periodic with P, For a uniquely defined constant h(o), eq.(69) will then
apply.
Application of the auxiliary theorem for proving the theorem 5 proceeds as
follows:

1) Let § 58t = 0 (forv= 1,....5) [see eq.(66)].
[ )

By j integrations of the functions ﬁ(v)(t) (v=1, ve., ), in which case the
integration constants must be determined each time in accordance with the auxil-
iary theorem, exactly one function y(v)(t) having a mean value of zero and being

periodic with P will be obtained for each ¥ . (t)e Accordingly, based on the

(W)
trivial solution §,(t) = O, the function yo(t) = 1 will be obtained as a further
solution of eq.(6) periodic with P. That this solution is independent of the
above-defined solutions y  , (t)(v=1, 2, «v., 0) follows from the fact that
all these y(,,(t) have the mean value O, while Yo (t) has the mean value 1. That,
in addition, the y y,(t) (v =1, ..., #) are also mutually and linearly inde-

73




pendent follows from the linear independence of the functions §(y,(t) after j
differentiations.

2) Conversely, if not all §(vy(v = 1, ..., ) have a mean value of zerc, new
solutions can be obtained by linear combination which, again, will be denoted
by 1) s eees §(5,s that can be so defined that, for example, §(;) has the mean

value 1 while the remaining y(v)(v = 2, ..., ) have the mean values O, i.e.,

?
1 j Jmm'“ =1

2
]

]f 3“, a)dt =o (38 2, "')?) . (70)

By j integrations of the functions §(yy(v = 2, ..., 8) and in accordance with /&3
the auxiliary theorem, again § - 1 solutions y(y)(t) of eq.(6é), periodic with P
and having a mean value of zero, will be obtained which are mutually and linear-
ly independent. An integration of § 1, (t) would yield a solution y(1)(t) not
periodic with P, However, the trivial solution §(t) = O again leads to the
solution yo(t) = 1 periodic with P which, together with the functions y 2,(t),
eeey ¥ Py (t), forus a system of # linearly independent solutions of eq.(6),
periodic with P.

Finally, it is easy to demonstrate that eq.(6é) can have no further solu-
tion periodic with P. Let y(t) be any nonconstant solution of eq.(6) periodic
with P; then, $(t) = y'?? (t) will be a solution of the reduced differential
equation (51) periodic with P which, in addition, has a mean value of O because
of the differentiation process; consequently, y(’)(t) must be linearly com—
posable of the already known solutions § ,,(t) (v =1, «cs, B).

It should also be mentioned that the solution vectors 3(t) of eq.(56) must

be completed into the solution vectors 3(t) of eq.(1ll) by a successive differ-
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entiation process in accordance with eq.(10), toward components with smaller

indices.

Section 4. Definition of a Special Normal Form of the Fundamental /84
System of the Reduced Homogeneous Differenti uation

Unfortunately, for solving the reduced system of differential equations
(54), it is not sufficient to merely bring the matrix:ﬁ, introduced in accord-
ance with eq.(14), to the Jordan normal form, in view of the fact that the main
purpose of the theoretical consideration is a discussion of the system (4). For
this, it is necessary to obtain the square matrix 9*(t) occurring in eq.(64) in
as concise and simple a form as possible. For this purpose, the fundamental
system (59) of solutions of the reduced partial equation (51) is brought to a
special normal form, which we will characterize by the following properties of
the matrices (62) occurring in eq.(60):

Definition:

1) At Ay = O, either the following mean values are valid for k = (Vv), ..., [V]
?

? .f 4.(t)at = o for all u (1)
or an index O € iy S iy - 1 (fy = [v] - (v) + 1) exists, so that the following
is valid for the mean value:

? A
.11,.! .,m“.,mu z 1,
(72)

’ 4
A
o] ?"».N) dt =0 for heg<, -

o 10

2) The elementary components are so arranged that, for v =1, ..., A, sub-
scripts iy exist whereas, for v = A + 1, ..., f, all mean values (71) are equal

to zero, ForVv =9 *+ 1, ..., §, we have @y = O; here, the elementary components

are not restricted.
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3) The orders @iy increase monotonically for v = 1, ..., A:

;) ;'_1 " A TR X (73)
so that the inequalities /85
1,00, 09+ B,= 3,08 4 -1 _, for ¥e 2,...,1. (7)

are valid. The elementary components for which all mean values vanish are also
arranged in accordance with increasing values of My except that, in this case,

only AP RS 2,....;".

fyn .
2 (75)

applies.

For constructing this special normal form, we will need several rew cor-

cepts and theorems.

Let [see eq.(14) and the notation (42)], under the assumption of @y = 0,

A b’
1 e t¥?
~ T 0 ("...').
A A ~ -~ .
t
- (76)
'
A A - 47—1 A A
-("M A P VR I "J(f: - | tot ?"’J)
v

be a fundamental subsystem belonging to the vth elementary comporent. FEither

all mean values are 2
Ma - % f ?.(t)at = o forme (»),...,pd, (77)
or one iy exists, so that ’
a0 for (,)\5/“<(ﬂ+iv )
Mad 40 for om0 Liy ¢RI S (78)

arbitrartly for AN Ty -

Then, the following applies:

Theorem 6: A regular matrix

~3
a~




/86

4 ~
€ Soner T c[,]
~ * . : - Y }‘:‘
7 - AR I A TIWE 4 58 [T (79)
.
L )
4

is in existence [see the denotation (58)], so that the transformed fundamental
. T
system ,fiy °*'C has the property 1.

Proof: Since the matrix v(S; is commutative with the matrix

P ¢ . N | ."_‘
“ .« (& -0
pA; - :
c - . . . -

Lt (80)
1 . -
- P P .-, 2 n;~3
RARTE R Y A f’:T.;’z
“/ .

\)
it is immaterial, because of eq.(1l4), whether the transformation € is applied
to the ﬁu or directly to the &,. The row vector
=T _/[a >
<1 = ("(ﬂ P "tv_]) (81)

is then transformed into the columm vector
} TS
o = 0 1 : (82)

If, for each subscript u, the components

A

$. = T © 4 M. (83)

are separated into the constant mean value M; [see eq.(78)] and into the func-

tion 5u(t) of a mean value zero, the following applies in a readily understand-

able notation: - T % 7 v
1"; - 4?1 . 2— : 4 m»’ 'Jb ' (8’L)

T
The row vector fly is then to be transformed by the last summand in eq.(82) into

the row vector E}":%t , which is defined by [817
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o 8
MNmeiy *1 > "1;- o for /-.fcwft’ ( 5)

This[see eq.(79)] leads to the system of equations:

c(v) W

o =ceyy Myen * C(w)en ¥y)

M
o =cy) Miyyeg -1t ottt C(p)ei =1 T (Y)
y ” (86)

1= C(") I(V)*i, 4+ .0 + c(V)qd,, ‘(’)

“ o) Mdar e1 * ot T S0 Mo

ey M) * oo Sl

[10'000
[ ]

The first iy equations are automatically satisfied because of eq.(78). The re-
maining equations successively lead to solutions: c(v), C(v)+1, eeey Crvi=iy,
in which case we definitely will have ¢(y) # O. This means that ‘s is regular.
[In the case that, instead of eq.(62), all M, =0 (see eq.(77)) one can simply
pose. g = Gv.l
From now on we can assume that the fundamental subsystems (§ vy, oo,
$cva ), for all v, have at least the first property of the special normal form.
The further properties can be established by means of the following theorem: /88
Theorem 7: Let, in addition to the fundamental subsystem (76), another

fundamental subsystem be given:

T A Py - :‘.-‘ A N A
A ‘(""" ot fee” g '*‘f[.z)'“*"’ (87)
so that, in contrast to eq.(7.4),
by - ik)o ;v‘ iy (88)

the following simultaneously applies:
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051,- ik( ;, (89)

The right-hand inequality in eq.(89) is trivially satisfied. Then, by super-
position of these two systems, a fundamental subsystem 1ﬁv*1 analogous to
eq.(76) can be formed for which the functions @ vy, e« ®vy, which are peri-
odic with P all will have the mean value zero. In this case, the fundamental
system 1ﬁg' remains unchanged.

Proof: If the new solutions ih* of eq.(51) are formed in accordance with
the stipulation '
P A fripren per (90)
j/"-’("'/“(‘” simq)forasiatiy s sttt =0,

the following will be obtained, because of eq.(1l4), for the corresponding func-

tions %x*:

AR '?P for ez P IHYy .",,,"_;._4_
M = A .. T e A 1ot
'~ i: ‘fu)r,u—(mfl";) for pmaen4i L aNes ot homry ) (51)

Here, eq.(89) guarantees the correct values of W for egs.(90) and (91) while

eq.(88) ensures that
() & (Rt = (nti,=4)  [a]

is applicable. It can be confirmed that the functions &h* from eq.(91) have /89
a zero mean value since, for & = (v) + iy, we simultaneously have (k) *+ u -
- ((v) + 4y - i) = (k) *+ iy . Thus, theorem 7 is proved.

Now, we can establish a certain normal form by also satisfying the condi-
tions 2 and 3 of its definition. Each elementary component will be denoted by
a pair of numbers (my, iy) or (My, my) if no iy exists. In addition, we calcu-
late the differences fiy ~ iy and define a sequence of number triples (my, iv,

my - iy) or (y, fiv, O). First, the subscripts v with the smallest iy will be

defined. Among these subscripts, one is selected for which iy - iy is as large
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as possible. After this, the elementary components or the number triples (my,
iy, @iy - iy) are so rearranged that the above characterized number triple will
be in the first position, after which we set the corresponding v = 1. According
to theorem 7, all other elementary components for which eqs.(88) and (89) with
k =1 are satisfied, can be so transformed by superposition with the first ele-
mentary component that no more iy will exist for them. The already determined
first elementary component will remain unchanged. Since, in any case iy 2 i,
and since, for iy = i,, we automatically have my - iy < fy - i,, this means
that the possibly remaining number triples for which an iy still exists, will
satisfy the conditions iy > i; and my - iy > M - i;. Of these remaining
triples we again select one for which we will pose v = 2 so that, at minimal iy,
the My - iy becomes maximal. Here again, a superposition in accordance with
theorem 7 will make it possible to transform the elementary components for
which eqs.(88) and (89) with k = 2 are valid, together with the above-defined
second elementary component, in such a manner that no iy will exist for them
whereas the numbter triples for which an iy might still exist will satisfy the

cornditions

iy»i»1, and &, - i)ﬁz -1 31 -1,
We continue in this manner and finally obtain a sequence of elementary compon-
ents with number triples (fy, iv, My - iy) for v =1, 2, ..., A, where the /90

following is valid for v = 2, ..., X (naturally, A = Oor A =1 is also pos-

sible): R "
ydtyq e m- 08, 4 —4,,

from which also My > fiy-; follows directly. Then, for ay = O the elementary
components with the characterizing triples (fiy, fiy, O) for v =X + 1, ..., o

might possibly be left over, which can be so arranged that my 2 fiya; (for v =

=X * 2, ees, D) is valid. The elementary components with vy # O can remain
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unchanged. This finally establishes the special normal form.

Section 5. Completion of the Special Normal Form of the Fundamental
System of the Reduced Homogeneous Differential Egquation
into a Fundamental System of the Original Homogeneous

Differential Equation

The purpose of this particular Section is to obtain proof of the following:
Theorem 8: Based on the special form (59) resp. (60) of the fundamental

system of solutions of the differential equation (51), a fundamental system

W) - ety - Be) (92)

of solutions of the differential equation (6) can be obtained, in which case

Y-t Fx e =g (93)
but where the constant matrix f does not necessarily have the Jordan normal form
[see also eqs.(108) and (114)].

The proof must proceed in several steps. Primarily, we establish:

Theorem 9: If, in the case ay = 0, eq.(71) is valid for all values of W =
= (v), ev., [V] as well as in the case @y # 0¥, the solution submatrix f) [see
eq.(61)] of eq.(51) can be thus completed by a matrix ¥ into a solution sub-
matrix vm of eq.(6) such that, once more,

790 % &) -

g - v?g "J'{; e‘z‘—?wt&t (94)

is wvalid.

Proof. First, let us consider the case j = 1. So that the direct argument

-~

A (95)

« ¢ T
491.’3" EV'C

2kmi

# And thus also ay # 5

[see (Bibl.l), eq.(20) with q = P].
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[see eqs.(81) and (80)], after one differentiation, will lead to /92
-T ot 3
3y s e . ;,7' 3.‘;’ (96)

the existence of the following differential equations for ogvy(t), ®(v)+1(t),
eess Pry) (t) will be necessary and sufficient:

[ A

"u' t “, vl:l) - 'f(w

‘f...,. Fe] t%, Yot * Coner Yo

‘) -~ (97)
"("J f" ‘f:’J = ."[VJ ?[D’J‘ 1 7

!
from which, because of the two possibilities of theorem 9, functions @y, (t),
eees Pryvy (t) periodic with P can be successively determined for ay; these will
be defined uniquely in the case @y # O whereas, in the case ay = 0 if eq.(71)
applies, they will be defined uniquely only if it is additionally stipulated
that all mean values are zero. In the case of j = 2, the same method of reason-

ing is to be applied first to

' T “ & T

1’1 = & l‘,v e

<p>
CS

(98)
instead of to eq.(95), after which the 1@y is determined from eq.(95) according
to the same syllogism, by substituting eq.(96) with eq.(98). The procedure is
wholly similar for the remaining values of j. From this, eq.(9,) of theorem 9

will follow if - a a
£ r «, f’ TA);; (99)

is also taken into consideration [see the equation corresponding to the second
relation (41)].
This leaves the case ay = 0, at validity of eg.(72), to be considered. Un-

der introduction of the vectors ny' with the components [93
1 for ==y

e(ﬂf/._ o for /n.fC-’ (loo)
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we resolve

T
"vaf ) T 4 1':' (101)

As in the proof for theorem 9, we can first determine a uniquely defined row

~1 “ "
vector 1@y with the mean value O so that the jt‘h derivative (note8y =8y)
=y . av" . ? 1 4 syt T svt
of 19y e is exactly 9y ° e . By j integrations of ny °* e we ob-

tain the row vector

ad
RE T T cIeBgmiy= 1
o,...,o.—r.m.---gm .

From this, we have:

(102)

Theorem 10: In the case @y = O and eq.(72), eq.(94) will be replaced by

v -
~ ."t
- g [ gtegreT tTHw (103)
with RE R 1 tjo—ﬁ,- i,- 1
y--'vov L] !""rm
Yok ° 3T T T S
9 - :
. 2 - iy
OyeeesOs By BT senes %_i:ﬂ (104)
Instead of eq.(103), we can also write
4 A x
y i 4 3t Tty
= A e .
19 “$ t V4 (105)
Finally, j integrations of the trivial solution system 29
1%,3 m (0400040) (J zeros)
will yield the row vector
T J-1
», - (1.:...., &7 ) (106)
from which the solution submatrix
. (4 t... t"' ]
%‘f) e . ““T_T,T ‘-. ’z Py
G o | 6T
3 107
? « . s O 0. , ( )
AR




is obtained. By adding the matrices '¢* of '$* of theorems 9 and 10, we form

the matrix ¥*(t) and write . 3"
$0)= K

r| ¢

(108)

Similarly, we form (see theorem 1C)* the quantity " (t) by addition of the ma-

trices vS"z*(t) according to eq.(104) and then, taking eg.(107) into considera-

tiorn, put 'g 3‘

" =
K p cj, (109)

This will yield a fundamental solution matrix »(t) of eq.(6) in the form of /95
eq.(92), where a'ready the second equatior of the system (93) possesses validity.

To furnist a complete proof for theorem 8, it merely remains to be demon-
strated that eq.(109) can also be written in the form of the first equation of
the system (93). This is automatically the case if no @y = O with the validity
of eq.(72) are present, i.e., if the theorem 10 need not be used. Then, the

matrix §(t) of eq.(109) will already have the conventional form:

1 t -
N (l-_"' ;
CL R
90)- T 7 =e (110)
¢
ro| A
with

& Ve
A = — (111)

r A




and

£ o= %=

1 (112)

of the order m = j. Here, & has the Jordan normal form.
Generally, the following theorem applies: /196
Theorem 11: The matrix £(t) according to eq.(109) has the form of

{ﬁ(t) -eXt (113)
with

& | F || A e |0

a &3; (11y)

H

A41

w

where, in addition to the components §,, ﬁl, seey ﬁ., only the matrices”

i | (27

° - . . °
o0 | B ESAERE (115)

[ ] . . . o

‘...0’1" - L .J

#* For the mearing of A, see the definition given in Section L. In the case A =
= 0, eq.(116) is transformed into eq.(110) or eq.(114) into eq.(111).
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FL,I ‘ - 7
with a 1 in the jt‘h row occupy the position 1 + iy. In the case A > 0, eq.(1ly)
will not have the Jordan normal form.
Proof: Explicitly, the matrix §(t) reads as follows [see eqs.(109), (104),
(107)1:
15 % 2 o
ed ¢ ‘@ » "} ® ¢ [ 4
c&'.‘
‘5(”- di't (116)
e
cdaﬂ.‘
At
el
By differentiation of §(t) to t, we obtain /%8
t ' '
cd.j' ,.@t“, | a f," w , o-
&t .
e A
&t .
3’“" 3 (117)
A
r? 2
e . AR
att
At
e’ -aﬁr
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with (note: fiy =8y for v =1, «., A)

j- i v = —e~2
! - [ v »
®r -0, ' LAY BEALY ] ¢
Yo G e g
PYRRULY) 1 2 ¢ 29 "-_i’-'
(S-s50}
L IR~ &1
0y 90,8 0550, &
" ’ I ’ (Gent ’ :(‘,' a;“;_‘).‘ R .l D;.,_‘-”r 29 ’ f
=1 : 3 At e
Y SR LI -4 :
0y.-~359:% -‘-‘T Py f‘“'-":: P 1%05...5 0
i.e., according to eqs.(104), (107), and (115): /9%

"k}‘m = 7'9*0) 43,, 1.'9‘"-;61 . (118)

Hence, eq,(117) will yield

f.'_ £ [$Eryz|- AL ¢ ||
A1.t R
e R
) il.t A
3“): e .&‘A (119)
‘A LN
Laﬂ‘éﬂ
-
PP
¢ 2
e

From this, on the basis of egs.(116) and (114), the following equation can be

read off:

*9‘(:) - - A (120)

Further, in accordance with egs.(116) and (104), we obviously have
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f9(0) -t. (121)

However, eq.(113) follows from eqs.(120) and (121) [see, for example (Bibl.3),
Sect.3.4].

As a corollary, we should note: For the matrix !, defined in another /100
report [(Bibl.l), eq.(10)] and which is constant in accordance with the same

paper (theorem 1), the following is valid:

¥ .19'1(0)19(P) - %p) - AP (122)
For this, besides eqs.(92) and (121), only the second equation in the system

(93) as well as eq.(113) are needed.

Sectior 6. Construction of the Jordan Normal Form for & /101

Now, we will have to bring the matrix f, defined in eq.(114), to the Jordan
normal form & by a similarity transformation:
ROCLV AL (123)
The pertinent fundamental solution matrix of eq.(6), according to eq.(1.) and
according to our first paper [(Bibl.l), eq.(14)] will then read
19y - g L G - oA (121)
This consideration is necessary only for A > O in eq.(114); at X\ = O, we can
put € = 6. The collineatory transformation (123) is performed in j individual

steps, in which case, forw =1, 2, ¢ss, j the similarity transformation

LA L

7 “A (125)

will produce a chain of matrices M8 whose first link (¢ = 0) is formed by the
matrix °R = @ and whose last link is formed by the matrix 't =8°. 1In this

case, each matrix ¥@ will have the following form:
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ayoloh, | & |, | - || #
A

4

%A
% - i (126)

.

b}
1
where the matrix ¥9® = [.1‘] has the order (j ~ »), while the matrices LL9\, =
(3]
= [J (for v = 0, 1, «es, A) have the orders’
(2

- ", = =, t Hi"(" 14ygq) = Min (Ao ). (127)
For the quantities which occur in eq.(127) and are not yet defined, the follow-

ing must be set -
g m, =1, ~0, Nin (Mig,4) =P (128)

Obviously, °my = fiy. The matrices uﬁy, also occurring in eq.(126) and having
u'm\, columns and j - ¥ rows, contain a 1 for u < iy in the last row and in the
1+ iy - u-)tl’1 column and also contain a 1 in the last row and first column for
iy € # < iye1, but otherwise only zeros. In the case b 2 iy+1, the quantity uﬁ‘v
is the zero matrix. Here, the undefined iy4; constitutes no restriction.

Obviously, 'f =§f° has the Jordan normal form while, for u = O, the quanti-
ty °f = & according to eq.(114) has the form of eq.(126). It should be noted
here that, because of onb = 0, no matrix %o respe. oso occurs. In what follows,
we will make an induction fromp - 1 to u., For this, we define a subscript

4(n) for each b =1, 2, ees, j in the following manner: If u falls into one of

the intervals with the end points i;, 32, ..., i) (the left-hand end point is

* See the definitions at the beginning of Section 4.
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included in the interval while the right-hand point is excluded), we will denote

the left interval end point by igz(w). Thus,

icw $a (‘;V‘)fi for 4, < 41 ’ (129a)
For the not yet covered values of b, we assume
Lpd= o for ~ <Ly (129b)
e At (129¢)
The following relations, derived from eq.(127), should be noted: /103
. . a2 :
P e KRR R SRR S P (130)
where eq.(21) had been taken into consideration, as well as
) sy ,
-~ t ' Cm, td D :n'Jff“f"] (131)
.L..' i e
and
/‘uv = ::\., for y > Lopo) - (132)
It is useful to repeat the matrix (126) in a more detailed form (for u >
> 0):
~e0 2 % b B N I 4
g 0 fn e 1;1 /4
.
X
P
Lep)ye?
&
~ 1374
A= : (133)
.‘
(17 324
‘l
pA

| &




The matrices 6, in eq.(125), to be constructed next, have a differing /10

structure depending on whether the indices » - 1 and 4 belong to the same or to
different intervals (129a, b, c).

First case: We have

“f-') - “f’ . (131‘)
i.e., the following is valid:

L S $OT O Sy g Jor L o1 (135a)
or, in the two limiting cases,

OLm-1S <y for mgdy (135b)
LEPI Jor g3 4y (135¢)
In this case, we put
. %
where, at first, we assume that ,,_,{' r 0' “%ﬁm" Afa ’
K
£
| 3 I
-y
z
7
- ot
{-' 77 ]
v (137)
‘V“"‘
|
/L-i
A
1 .
K

The orders of the unit matrices "G, “"Go, «+., " )G\ correspond to the /105
orders of the matrices " '97, =Y., ..., 18, in the matrix *"!f [see

eqs.(126) or (133)]. The matrix u@v, as already shown in the matrix (137) is

a null matrix if the matrix "*~'@y is also a null matrix. The remaining matrices

"'(Sv for v 2 X are calculated on the basis of the transformation
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f"J: - /*"d _/“:)YT (138)

1 4 14
from which it follows specifically that also the matrix u'G;J(u. - 1) is a zero
matrix.

Relative to " '@y with v > 4(k - 1), the 1 in the last row in "Gy is
shifted one place toward the left. In the case of u_lﬂﬁ,u, the ones in * gy
with v > 4(b - 1) are supplemented by a 1 which is shifted by one urit toward
the left top. Since ”'(Sv'l is formed from u@:v by replacing the ones in the u(S,v

by -1, all ones in Gu'l B-1¢6. in the (3 - w)t row of “"n(su vanish except for

("
the 1 in the first column of “'lﬁ‘{(u - 1) in the case of u > 1.

This means thal the matrix@, * u~lft(5u* = ¥4™ has the property that the

V./u
ones standing in the matrices " 'fiy for u > 4(n - 1) are shifted by one place
toward the left top in a diagonal parallel to the main diagonal, while all other
elementary. components of the matrix K=l are retained. Specifically, the one in
the lower left corner of the matrix " ‘gg(s - 1) remains fixed for w > 1.

Next, we perform another similarity transformation with the '"permutation
matrix" B, which is produced from the n-row unit matrix, by supplementing /106
the rows and columns having the numbers

. . ] Y750 L1 N N
FpmY s d-pmit, . -, }-ﬁ+1+%: e, &/‘.’
(the next following column exactly has the 1 in question) with the cyclic trans-
formation matrix
(139)
T
In the case » < i; [i.e., 4(p) = 0], we must put %u = € because of the fact that

no excess 1 need be eliminated here. It should be noted that

L« " (140)




In Hg® - ¥, the 1 which, until now, had been in the (3 - + 1)*" row at the
(ry-y * 1)th place, has been shifted to the place directly diagonally above the
still to be eliminated 1 which remains at its place; all matrices in the “"sv,
located within the range of the matrix (139), are shifted by one unit toward
the left. In the case of ¥, °* W&* *8,, the same H=19y are shifted by one
unit toward the top while the 1 in the (j - b)Y row remains unchanged; the 1
standing diagonally toward the lower left, which is to be eliminated, has been
shifted in the same column into the last row of B,, differing from the corre-
sponding row of the unit matrix, and thus changes u~13L(u-1) by one first row

and column to a uSL(u) with an order greater by one [note: ¢(u) = <¢(u - 1],
Consequently, all in all the new similarity transformation with %u shifts the

one, still standing at an unwanted place, by one place toward the left top, in-
creases the order of “'13£(u_1) toward the left top by one, shifts the matrices
u—lgo, H=180 ) vee, ”’lsc(u_L)-L by one place toward the left top, and finally
decreases the order of **g" by one. This means that uSD receives the order

J - W while HSL(M) receives the order um{(u) = u-lm%(u-1)+1’ The other orders

are retained [see eq.(127)]. The ones in the (j - u)th row are now standing /107
as stipulated by eq.(133). Consequently, in this first case we have transformed

the matrix *~ 1§ with G, = @uﬁﬁu in a similar manner into the matrix "f.

Secund case: In contrast to eq.(134), we assume

Leu=1) < L(pm) s (1)
i.e.
4“/_1) ‘(,-1 (4‘(/‘_'"1 $ -llw\\(/t (*‘iw‘” ]or‘t;\&u_'(/‘({' (1&2&)
and, respectively,
O{PIS g, for 1o, (142b)

A (4:\‘((“ jor St
. - 4 (142¢)
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Obviously, more accurately than eq.(141), we then have

CUm) = L(m=1)+1  and o -M =0 - (l[&3)

Um) °
As in the first case, we first use the similarity transformation with the ma-

trix Gh* ‘B,. As a result, we obtain the matrix

~ _ -1 -‘-' -7 - X
AN A )

in which the ones are standing in the (j - u)th row but [see also the second
equation of the system (143)] are now, for v = 4(k) - 1 as well as for v = {(n),
shifted to the first column of *u?iv. Consequently, the matrix *uﬁ differs from
the matrix " only by the one at the place 4(u) - 1 in the (j - 1) row which
is not present in pH.

For eliminating this one, the following transformation is introduced:

LR (145)

(172 = e m)
with the "superposition matrix® By W) which is obtained from the n-rowed unit /108

matrix if a u'm‘('wl)_l-rowed negative unit matrix is introduced there, as shown

in the matrix (146): ~ye
F{.
A('

,
[
~ .
: L

= “""

1{9_, - (146)
l“)"
Pl {1
1 -
)
9L




In this case, the unit matrices have the same orders as the corresponding ma-
o -
trices o , “so, ceey us) in the matrix (132). The quantity B{,tu.) is obtained
sl e - b
by substituting in BL( W the inserted matrix S0 W -1 by *Gy wy-1° Already 8
has the prescribed new orders of the 8-matrices in e, Specifically, the order
of “"eu ) has increased by one while W=190 has received an order lower by one.

The application of 8 to *uﬁ’ eliminates the superfluous 1, but brings the /109

LW
matrix '“3{,( h) -1 to the same place at which Criw) -1 is located in the matrix
(146); application ofsau) to the left-hand side will again eliminate this
auxiliary matrix so that we finally obtain Ma . Consequently, in this second
case we must put

L. - 1;_‘41[;_,5“/”- (147)

As the overall result of our considerations, we then obtain:

Theorem 12: The matrix &, by means of the similarity transformation (123)

(148)
is transformed into its Jordan normal form
&, &
£.= * ‘. ]
kg (149)

Here, the matrices G, are defined by eqs.(136) resp. (147), with the auxiliary
matrices (137), (146), and the described B, - The elementary compo.ents fiy for
0 < v < )\ have the following orders my [see eq.(127)]:
m, = m, + Min (3riy,,q) - Min (§,iy), (150)
where, accordingly, we must put v = A [see eq.(128)]
Min (3,i,,,) = ds (151)

for v = O:
B, =1, =0 (152)

#* By means of such a superposition matrix B, the proof of theorem 7 can be con-
ducted explicitly and simply, in a concise manner.
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In the case of my = O, the elementary component fo° will vanish. At v >}, /110
i.e., if either Ay # O or if no iy at all exists at ay = O, the following is

trivially valid:

A

m,= B, , specifically, m, =3 . (153)

Another remark should be made here as to the correlation of the rows s

and 8. In accordance with eq.(17), s denotes the number of elementary com-
ponents in the original Jordan normal form of & so that s also will be the num-

ber of elementary components of eq.(149), which means that

~ 1, if lo) o
) )
.s : t.{ O, lf .O s 0 - (1514,,

is valid. It is obvious (see theorem 5) that my is zero if and only if the
mean value (67) differs from zero for at least one J ,,(t) (v =1, ..., f) since
then we have, correspondingly, iy = O. In the special normal form (see the
definition in Section 4), we will have i; = O according to eq.(74) and thus,
according to eqs.(150) and (152), m = O.“ In the other cases {i; > 0, or ab-
sence of iy), we have m > O [see eq.(153)].

It is useful to give an explicit computation of the transformation of &
into the Jordan normal form, using a simple example in which all possibilities

occur. Let .
Jott, B,=3, Dye5, 35-8- n=20, 1,=2, ip=3, iz=5. (155)

The general idea is demonstrated in the following matrices:
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AR
7’1 @ m
.‘t'
'1
1
.‘7’ "

A . 4

oo G| %

" '[l "cl x;
Phiml @ m
PR =
zl
1
1
14 l'
'l
P 1
5

%',
.tl '.c
‘qﬁ
ol G, @
p:n

h J ]
1
0" ¢
3 ',
' 2 s
'{ o{{ , identical with
' €L Z, L,
la 1 |.T] 4 m 2 3
?. ! L]
LA
! L]
¥ Y
1]
1,
1
17 !
<y 1|
~ 4
~e
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1‘&"

x -t
“© ‘gt 'K»&" identical with

lt .

2l

'y

A
1
1
v A 5] ]
£
[]
IQ'Q
T
'I
A
‘TC
"l
“"i .
1

teo| '

7=

9

2
5
Wy
z&'-“.\ .Ehj‘il m -
AN

98

[112




99




(114

% 3 C e B ) % 190 or— T )80
.614"‘1 B'
" 1'
L) o
£y x
] 1
| 3 ]
LR LI
] L ]
!.'I l.‘l
e TN
-1
¢ ~X 2, X
4 -4 A
(] 7
il
14 L
1 [}
1, 3
'y i
" {l'
4
tl, 4 ;
I ',
] 1
', ',
e, o
Ky /(";(=2¢"}[' X,

This completes the transformation of §§ into the Jordan normal form.
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Section 7. Solutions of the Adjoint Homogeneous Differential /115
Equation of the n*f Order

The solution matrix o (t) of eq.(6) conjugate to §” in eq.(149), can be
calculated in accordance with eqs.(12,) and (148). Since, however, the condi-
tions for the resonance subcase and for the exceptional subcase [see eq.(28)]
contain the solutions 3(t) of the adjoint homogeneous system (11) periodic
with P [respectively of the adjoint homogeneous equation (9)], we will discuss
this first. Analogous to eq.(12,) and because of eq.(13), we have

3w Q) (277, (156)
We then again decompose the transformation G into the j subtransformations(iu,

according to eq.(148): - e ‘
"? w = 13(;).(,(:.1)‘ (157)

after which, we will investigate the individual matrices 'u’?(t) foruw = 0, 1,

ese, j, whose first and last matrices are

’ (3 1 =?m, resp. ? = <) o (158)

We then partition the matrix LL9\,('(,), in accordance with the structure of MR in

eq.(126), into § + 2 submatrices
-~ o $
P “D T 0 "‘? (), (159)
vzo (4

VIR - . . .
where 3 , in addition to zero columns, contains only the first j - u columns
By . & . 1 W . M
of 3, while 7, contains the next "my columns, "3; the next following m
columns, and so on.

It is useful to introduce the following notation:
CLog = At Tt Tt T ezt (160)
In the last step (b = j) we will omit the superscript [sec eg.(150)]:
”[["JJ s [trfa moto, et m'=,§| Q,Rfr'l.'..(},“y“)’ P (161)
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Then, the following theorem applies: /116
Theorem 1?2 The solutions Z¢yy (t) (V =1, 2, «es, s) of eq.(52) periodic

——————————

with P are, in the same sequence, identical with the solutions zgrvyj (t) of

eq.(9), again forv =1, 2, ..., 8. Consequently,
20 g(® " Qm(t) for v=1,2,...,% . (162)

Proof: In the matrix °3(t) according to eq.(157), the solution vectors

periodic with P and resulting from the periodic Z¢v) (t) for v =1, ..., §, are

exactly the zcvy (t) which means that they are standing exactly in the last

colum of the ?3y(t) for v =1, 2, +s., S¢ A successive application, on the
right-hand side, of the transformations described in the preceding Section

1T 1y -1y : o H=1(t)
(&, ), (l&u ) 8, and (Suw) (if they occur at all) to the matrix " *g\%/»

will transform the last column of each " '3y(t) unchanged into the last column
of “3v(t)(v =1, 2, ees, 8)s Consequently, also the last component of these
columns will remain unaltered. By this inductive syllogism, the proof for
eg.(162) is obtained.

In the casemy > 0, i.e., i3 > O or nonexistent, a further solution of
eq.(9) periodic with P will occur in accordance with eq.(154) and theorem 5.

For this, the following is valid:

Theorem 14: In the case my > 0, the auxiliary solution vector periodic
with P is present in the last column of 335 (t); its last component which, con-
sequently, must be denoted by z[[o];(t), has the following form:

P < RN - A .
zﬁq..g %,. Y,-‘”j’-m',z,; Yonrsiza J (163)
If no iy is present, i.e., for v > A, the last sum naturally is omitted. /117

Proof: First, it should be remembered that the quantities 43&, occurring

Vv
in eq.(163), originate from the last (jth) rows of the matrices & in eq.(105),
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whereas the quantities ;u(t) originate in the last [(n - j)th] row of the ma-

trix [see eq.(60)] " ai
= ($7)7 (164)

where the row index n - j has been omitted here. Since all these functions are
periodic with P, this statement is valid also for the expression (163).

A column of ’3o(t) =Q30(t) occurs for the first time as the only column
of 13o(t). Since this column, at increasing w, always remains the last colum
of "3o(t) with u 2 1, it follows - as in the proof of theorem 13 - that tids
column cannot change anymore. Consequently, we have only a single column
vector '30(t) of 30(t) which is located in the 30 colum of *3(t); its last
component is the sought z(go33 (t).

In the case i; > 0, formation of 'g(t) =3(t) * ©.7') will directly

A
yield 2 iz W2 0 - ST Z “ =
[ = Lt ta
A A (165)
2‘2-“’) s e | (&) -
3 R R R

It should be recalled that the last row index n or n - j had been omitted in the
elements of 2 or @. In the case that no i; exists (4 > A), the second sum is
eliminated.

According to eq.(13) and in analogy with eq.(64), we have

-1

t X -2t T

v -1 ej‘ 19 w e”z ?tlt)
? )= ]9 (t) = =

g e r A (166)
with , 5 /118
AT A - - AT
14 e QPlose 'tl‘7""? “rs (167)

as is readily verified from the relation
37192{A
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Taking the definition of g (t) in eq.(6L) into consideration and also consider-
ing that ,24(t) is the element in the right-hand lower corner of 3*1(t), the

following is obtained from eq.(167):

“"' - A ? Ly - A
30: -7 WY )z . 2 (). Y, )
ST LT 2; % o~ (168)
where [see eq.(6L)]
A j;,,uur . (169)

is valid. According to eq.(165) this yields the intermediate formula

CE ) B Y @) - & ...
z, We->" 3 1 LW Yo ;z"’*‘;' (170)

()] vzy T [

Denoting, by C(v)4gy-12 3 fiy-component vector which, in addition to zeros,
contains only an i in the ((v) + iy - l)th component, the w'! subsum of eq.(170)

can, be written as follows for v < A:

Cvl
A s [~
-': - _E : ‘/‘(“ Yrm- z.,,,“-’_, t) =
(‘.(ﬂ r - -
JJ“)‘I’J:

~

x - (Zuw ERERY 3[,1' J . + f;ﬂfi;i
J J[vJ tz)1dT

Taking into consideration the formula for the reduced differential equation,
which is analogous to eq.(43) and, in its subdivision, analogous to eq.(65) as

well as considering eqs.(103) and (104), we will obtain

e T /119
Py .
aq *r k)
a . - ~tJ R, ¢
T (Yo Ypy)e 7 Qe S > s (171) |
| |
16 | &=y
L .‘ v ')]J
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where the 1 as the ((v) + iy ~ l)th component of the last vector originates

from ¢(yy * iy-1. This last vector, however, is exactly éﬁv'.‘ * C(y)+gy-1 SO
that we obtain further
U
LAY CANRE A B ” L.
I (172)
. - Ya ifenr - Yenti~r  for #r4yy .

AT,
In the case vV = X + 1, ..., 8, taking eq.(94) into consideration, the last
vector in eq.(171) is omitted. This will yield

[»] A -~
Ty = = *@""(ﬁ for =2+ 1,...,% (173)

=ty s

From egs.(172) and (173), we directly obtain eq.(163).
In passing, we note the following:
Theorem 15: The function z¢oyj (t), investigated in theorem 14, satisfies

the inhomogeneous reduced adjoint differential equation

= n3 . (n-F) n-3-1 neg-1)
LR] =t - o -
] “ ten o (wR) tota  &a1. (17)

* -

Pzgogz’ In view of egs.(52), (56), and (57), it merel r must be demonstrated
that a solution vector i

al? Al : (175)
Y IO IR 10

with Zlgg

3 (¢) =

o0 o

(176)

0

exists whose last [(n - j)th] component is zggo33 (t).
The variational method for the constants [see (Bibl.l), footnote 9] fur-

nishes the following relation as the general solution of eq.(175):

A ',\
= (t) -3(1:) -(J]Q 1;1—) G radz f,c) (177)

with an arbitrary constant vector ¢ and, as the last component,
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s 14 -~ ¢ A
. o (of pmrdz +c‘,.,)- (178)
SE- b A SR

According to the general theorems [see, for example (Bibl.1l), eqs.(16) and (17)
and the context there], eq.(175) has a solution vector periodic with P if the

following applies for all solutions of eq.(55), periodic with P:

"~
_Ij‘v.(tjd‘r =0 for V“‘Jlt"‘:r'
[ ]

This is exactly the condition for my > O [see for example the remarks after
eq.(154)]. Consequently, eq.(178) can then be determined as a function periodic
with P. The lower limit in the integrals can be so defined that ¢, = 1 applies
foruw = (v) + iy =1 (v =1, ..., ) while it has a value of zero everywhere
else. Now, eq.(178) obviously coincides with eq.(170) which means that theorem
15 is proved.

By j differentiations of eq.(174), we again verify that zgcoyj (t), obtained
from eq.(165) or en.(170), is the solution of eq.(9).

Section 8., The Minimal Order of Magnitudes of the Solutions and /121
their Derivatives for the Resonance Case

With respect to the resonance case for the differential equation (1), the
following statements can be made: The adjoint homogeneous differential equa-
tion (9), as defined in the preceding Section, has the solutions 20t03) s 2CL177 s
eee, Zrrpyy periodic with P, where zge133, »--, 2(p1y according to theorem 13
is identical with the solutions Zg1y, ees, 2tp periodic with P of the adjoint
homogeneous reduced differential equation (52) and Zgroyy ©occurs only in the
case of my > O. Consequently, if the resonance subcase exists for the inhomo-
geneous reduced differential equation (50), for an index v > O, i.e., if the
following is valid [see eq.(28)]:
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? .
.] Syt findr 132 $o0, (179)

then the resonance subcase also will exist for the inhomogeneous differential

equation (1) for the same index v; consequently, we then have
2
.j 3,9 ) $ix)dr = Qo * %o $o0 - (180)

Speaking generally, we will denote any index v, i.e., also v = 0, as a resonance
index provided that the resonance subcase exists for this v. Thus, we have the
following: If v is a resonance index of the reduced differential equation (50),
then v will also be the resonance index for the differential equation (1).

We must now differentiate between the following cases:

I. No resonance index existse.
II. v = 0 is no resonance index, but at least one resonance index

v > 0 exists.

JII. v = 0 is the only resonance indexe.

IVe v = 0 is a resonance index, and at least one index v > O exists
which also is a resonance index.
The points I and II also contain cases in which the solution zg(0j3 is not

present, i.e., in which i; = O applies.

In the Case I, either the principal case or the exceptional case is [122

involved for the reduced differential equation (50). For the differential equa-
tion (1), at i1, = O, the same case as for the reduced differential equation (50)
is involved. At iy > 0, the exceptional case is present for eg.(l) since at
least one solution 2z¢¢o3j, periodic with P, of the adjoint homogeneous differ-
ential equation (9) exists.

In the Case 1I, the minimal order of the power increment fi of X(t), accord-

ing to theorem 2, is determined by
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. Max  (B) ., (181)
(v'&-- -

va - f

while the analogous order of increment m o the solution x(t) of eq.(1l) is de-
termired by

m = Max (m,)

(o)) (182)
with my according to eqs.(150)ff, with the resonance indices being the same in

both casese.

In the Case J1I, the resonance case is not present for the reduced differ-

ential equation (50) but is present for the differential equation (1). The
resonance order for x(t) is defined as [see eas.(150) and (152)]

m = o = Min (§, 1), (182)
where, if nc i; occurs, eq.(1f1l) must be taken into consideration.

In the Case IV, the rescnance case exists for the reduced differential

equation (50) as well as for the differential equation (1). The resonarce order

for x(t) is defined by

m = Max (m,) - (18..)
v Res.
(y. L) ?)
In determining the maximum, the quantity mp can be disregarded if, for at 12

least ore resorarce index from the interval 1 < v < 0§ one iy exists; ir that
case, the corresponding my > my according to eq.(150) because of my = @y >
> m(j, i1 ); see also the defirition at the beginning of Section /4.

Similar statements apply also to the derivatives x (t), x"(t), ...,
471 (4) ir, in the cases I to IV, the index 3 in the k%" derivative x'*’(t)
in eg.(150) for the my is replaced by (j - k). The given incremert orders, in
the case of resonance, are always the minimal orders. It is entirely possible
that, for example, x(t) represents a solution with minimal order (with the in-
dex j), while the correspording derivative x' (t) has a higher order thar the
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minimal order valid for j - 1. Conversely, it cculd be that x' (t) is a solu-
tiorn with the minimal order valid for j - 1, while the once integrated furctior
x(t) = [ x' (t)dt nas an order which is higher than the mirimal order valid

for j. This is due to the fact that, for different irdices j - k, no differing
determiration of the paramcter constants is necessary if a solution with minimal
order is to be obtaired in each particular case.

For explaining our discussions, the following example is used:

i
]

Let fy =3, fe =5, M =8, Mg =14, M5 = 10
is

!
N

i, = =13, in = 5; i; and is do rot exist.

b4

Consequently, it follows that

$-5,8=6, n-j = 30.

First, we again compile the formulas which are valid for the orders my [see

eqs.(150) - (153)1%:

12
[(n, = Min (3,1,) L2321,
) m, =D, + Min(3,i,,4) - Min(3,1,)(for ¥= 1,.eey 2 =1)
m, =@, +J - Min (J,iy) (185)
m, = a, (for v=2a+ 1,...,%).

Accordingly, the following results are obtained for the new j-dependent orders:

. J for j £2
m, = Min (2,3 "l2 for j 32
) 3 for j g2
m, = 3 + Min (3,j) ~ Min (2,3) =
1 4 for j 33
5 for j £ 3
m, = 5 + Min (5,3) - Min (3,3) =1 6 for § - 4
7 for j &5
‘ ‘ , 8 for § €5
my = 8+ - Min (5,3 '{ 3+ 7 forj3e
m4-“+j-j.a
mS-"O*j'j"'o'

% If the definition (19%) is used, eq.(185) can be made more rigorous by re-
placirg the index A by Y.

109




This results in the Table:

jwoj 2l 2| 3]l 4 ]|]5]|6] 718 izé
B, ] 112121222212 2
m, 3 | 3] 3]aflaefa]|a]ala 4
B, 5 si1s{s)e|?|7] 7|7 ?
ny 8 8| 8|88 )8} 9}]10 |11 J+3
B, 4 4 4 4 4 4 4 4 4 4
ns 10 10 |10 |10 |10 110 {10 | 10 |10 10

Of these numbers, according to eq.(184), the maximum must be formed at fixed j,
for the indices for which the resonance subcase existse. /125

For example, if the resonance subcase exists for v = 3, then m will be at
least equal to mg. In any case, however, ms is the maximum for j 2 6 so that
m=m = j* 3 applies for j 2 6. This means that the minimal order m finally
increases linearly with increasing j.

Conversely, if the exceptional subcase exists for v = 3, the quantity m
will never be larger than ms = 10. If the exceptional subcase also exists for
v = 5, the quantity m will never exceed ma = 7; and so on. It is easy to demon-
strate that m retains a constant value if the exceptional case exists for v = 3,
at least beginning with a certain index j.

In general, it is easy to confirm the following theorem on the basis of
eq.(185):

Theorem 16: If the resonance subcase is present for the index v with the
greatest existing iy, i.e., for v = A, the minimal order m, beginning with a
certain index j, will increase linearly with j (see also the definition in
Sect.l,). Naturally, this index A is already defined before the special normal

form is established. Conversely, if the exceptional case is present for the
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index v = A, the minimal order m will remain constant in any case, beginning
with a certain index j. In all other respects, the behavior of the minimal
order m, as a function of j, follows from the formula (184): m = m(j) is parti-
ally piecewise constant and partially increases linearly with the slope one.

For each index v for whichaniy exists, the pattern of a broken curve will
be obtained according to eq.(185) for the minimal order my as a function of j,
which has a horizontal slope for O < j < iy and for iys; < j, whereas it has the
slope 1 for iy < j < iysqe

Por 0 £ J § i) we have n, -3,,

for i,,, & J ve have m, =@, + (1,,4-1y) 2

for 4, J§ i, qwehaven, =2, + (J-1,),

where, if iv-: no longer exists (Vv = A), the last law is valid for all j 2 iy:

(126
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Since the following relation always is in question for two indices vz > v; with
existing iv, and iy [see eq.(74)]

Dyy = By > vy - iw
the curve for the index vp will begin with a constant which is greater than the
end constant for the index v;, i.e., the curves for the various indices v; and
vz with existing iy do not intersect. For each index v for which no iy exists,

my = My will be constant for O < j.
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Thus, the following statement is obtained for the minimal order according
to eq.(lSL): Let v be the highest index v with existing iy for which the reso-
nance case is present. In addition, let ¥V be the highest resonance index at
nonexisting iy. Then, the following obviously applies (see definition 3 in

Sect.s): .
m « Max (m,) = Max (";’ m,), (186)

(:::ﬂnvi)
where the pattern of my as a function of j, yields a broken curve (see Fig.l),
while my is a constant.

We would like to mention®a few interesting relations: In the case that /127
only v = 0 is the resonance index of eqg.(l), i.e., in the case III, at least
one solution X(t) periodic with P of eq.(50) exists as we already know, whose
mean value can be either equal to zero or different from zerc. Then, the fol-
lowing theorem applies:

Theorem 17: If i, = 0, i.e., if no solution z;ro03; periodic with P of the
adjoint homogeneous differential equation (9) exists, then - if at all - solu-
tions %(t) of eq.(50) periodic with P will exist whose mean value differs from
zero, as well as solutions whose mean value is equal to zero.

If i, > O or if no i; exists and if a solution %(t) periodic with P whose

mean value differs from zero is present, then also every other solution %(t)
periodic with P will have the same mean value differing from zero and v = O will
be the resonance index. Conversely, if a solution 2(t) of zero mean value and
periodic with P exists, then also all other solutions X(t) periodic with P will
have the mean value zero and v = O will be the exceptional index.

Proof: We can write the general solution X(t) of eq.(50), periodic with P,

in the following form: .
- A X 2 -
xX(8) = X () +) o, Fi,(0) (187)

=
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where % (t) is a special particular solution of eq.(50), periodic with P, while
the sum next to it represents the general solution, periodic with P, for the
homogeneous reduced differential equation (51).

In the case i; = 0, the quantity ?(1) will be a solution, periodic with P,

of the homogeneous differential equation (50) with the mean value 1. The other
solutions ?kv)(v = 2, sse, f) of the homogeneous differential equation (50)

have the mean value O. This shows directly that, by a suitable selection of

the constants c;, the solution %(t) can be made to have a mean value of zero.
Conversely, it is also possible to make certain that %(t) has a mean value 128
differing from zero.

For i; > O or for nonexistent i;, all solutions ﬁ(v)’ periodic with P, of

the reduced homogeneous differential equation (51) will have the mean value
zero. From this it follows that all solutions %(t), periodic with P, must have
the same mean value as %°(t) (the case # = O is included here).

Then it merely remains to be demonstrated that

P 70 resonance
from i 2(t)dt it follows resps = 0 v=0 exceptional (188)
¢ index

We will demonstrate this indirectly: If, for the differential equation (1),

the exceptional case were present, i.e., if v = O would be the exceptional index
[the principal subcase cannot be present for v = O since the homogeneous differ-
ential equation (6) has at least the solution y(t) = 1, periodic with P], a
solution x(t) of eqe.(l) periodic with P would exist whose j'P derivative

£Y(t) = x(t) is a not identically vanishing solution, periodic with P, of the
reduced differential equation (50) with the mean value zero. However, this
would mean that all soclutions R(t), periodic with P, necessarily must have the

P
mean value zero. If, consequently, fﬁ(t)dt # 0, it follows necessarily that
)
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P
v = 0 is the resonance index. If, conversely, [ %(t)dt = 0, a solution x(t) of

the differential equation (1) can be obtained (:ee the auxiliary theorem in
Sect.3) by j integrations of the function %(t), which is periodic with P and has
a mean value zero. This means that the resonance case cannot exist for the
differential equation (1) so that v = O must be the exceptional index since the
main subcase had already been excluded above for v = O, This proves theorem 17.

From this theorem, the following statements are obtained: Whenever the /129
quantity fzuo,, (t) £(t)dt differs from O, i.e., whenever v = O is the reso-
nance ind:x, [? %(t)dt will differ from zero for a possibly existing periodic
solution fc(t)oof eq.(50). Whenever L[f z¢royy (t) £(t)dt is equal to zero, i.e.,
whenever v = 0 is the exceptional incziex, the quantity f %(t)dt will be equal to
zero for a possibly existing periodic solution %(t) ofoeq.(SO). Consequently,
a relation must exist between the mean value of such an %(t) and the mean value
of the function z¢(o33 (t)f(t)e Thus, the following theorem applies:

Theorem 18: If, in the case i; > O or nonexistent i,, the reduced differ-

ential equation (50) possesses a solution %(t) periodic with P, the following

equality will apply:

? ?
- (189)
! TOHOLLE Jx(t)at.

Proof: This can be proved by means of Lagrange's identity [see, for ex-

ample (Bibl.L), Sect.5.3]

ay o R x_
2ppagy LEA) = 5L Bppag] =Jit L [,,z[‘q’] -

"f. a(npm=1) (n-dep-2) ) agpt
) i[’ ' Sreg) -7 (4 2e)t-yen 2.
’ .
gt
(% 3peq) ]
(30 = 1) in the following manner:

Using [see egs.(50) and (174)]

11,




112} - £(t) and ’I‘.[z[[qﬂ -1
we obtain

d (190)

3
A

i ROROREORS B [;"[m]'
where L°[X, z¢toj3 ], because of the periodicity %(t) and z¢(o3; (t), is a func-
tion periodic with P whose derivative, obviously, has the mean value zero. From
this, the argument is directly obtained.

Section 9. The Order of Magnitudes of the Derivatives of the /130
Solutions in the Resonance Case

In statements on the order of magnitude of the derivatives of the solu-
tions x(t) of eq.(1), for the resonance case, it is of importance whether the
solutions y y,, (t) = 9((vy)(t) [see eqs.(14)] of eq.(6), periodic with P, are
constant for v = 0, 1, ...,  or whether they actually depend on t. Here,

eq.(21) and thus also eq.(16l) are analogously defined:

A A A
4* 1 =B et em

((») = B ¢h 4o+, . 4m 1

’- +

(191)
+¥in (j,iy) + 1 = (#) + Min (j,1,).

For this reason, let us start with an auxiliary consideration which describes
the transition of the matrix ¥(t) from eq.(108) to the matrix #(t) from

eq.(12,). Primarily, according to egs.(124), (14), (92), (113), and (123), we

have
79'10 = ¢°w cﬁft =14 wd =@w cdt-[a
- $w L1 Etp gl cf"g{fz=
. = é’”[-c’{.t,
i.e.,

é.ln = fln,_[. (192)

with € from eq.(148). In the elements of the column blocks V8(t) with v = 1,
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ceesy A of ¢(t) from eq.(108), the partition is made analogously to eq.(101).

Then, we can write

e Foy L (193)
where the matrix'a(t) contains only zeros in the colums 1, ..., j, and contains
kzi(t) of zero mean value in the columns j + 1, ..., n; the matrix £ contains
only ones, etc., in the first j places of the mairn diagonal and, on partitioning
(in a readily understandable symbolism) /131

I:Inf)f'__‘,ii, (194)
into %3, it will also contain ones in the diagonal below -hSo beginning at the
element v£1+1s(v)+1v‘ For this concept, it is necessary to consider not only
eq.(105) but also the fact that the rows of m(t) result from each other by suc-
cessive differentiation [see eq.(8)]. An application of the transformation ma-
trix € to's(t) furnishes, in all colums, always only elements of zero mean
value. For this reason, the effect of the individual partial transformations
(148) and (147) on @ will be investigated first.

Tor greater clarity, we will do this on the example (155) given at the end
of Sect.b, with the exception that now j = 7 (instead of j = L) is used so that
all imaginable cases [see eq.(185), specifically the third relation] will be
covered by this example. The matrices (S:, Euu) and %u, constructed earlier,
need now be only supplemented by 7 - , = 3 ones, placed in front of the main

diagonal. The following 19 matrices perform the stepwise transformation of Q

into ,Qo =L,
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L -[: L% | 4 FAgre A4 Y,
A SRR A2

E
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(135

‘G | 4

-
N

It is also useful to perform a stepwise transformation of the matrix ;(t)
into ® (t) on hand of the same exam;les. This will be done in the following /136
11 matrices where (except for a few obvious exceptions) only the column indices
of the functions 1§v(t) = 'év(t) occurring in eq.(10l) are given, which at first

appear in the (j + 1Y row for F(t) = Eo(t).
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~~

Let the first row of the matrix & = ¢, *+ @, again be written explicitly
for the cases j =1, 2, 4, and 7, i.e., Yy =0, 1, 2, and 35 A = 3; i, = 2; [1L3

iz =35 1 = 5:
’.‘"{ lm""tﬂbl g '1’) (DQ,""l,f‘ .f“)f.' ?(u"l

in 'qu)n --7;”“ cf"",:if *f(”’” 7‘”“, ?,'”“:t’)"
3=

-5 -F I ' ' vy

( «w f'H' "m tnn 'ﬂnﬂ 10 ll)ﬂ "(Qoz' 1.,,,";“”’
g, e 5 ~
- 1] ‘Gvn "a)n tl)f ‘fl Dy ’ )N‘ 7:)” 7(9.7 )

Cd -~ -~
-5 |3 = o3 =
4' LTI SY0 i e A .'m u)u* "(oﬂ’ Tou' 7(1)0("‘10'

1'0“’ 2198 wﬂ a)ul m ?mi 190! (V43 ?mw e !Dﬂ ?’”’)

~

1( LIS b AL AN S LA A L IS NS Tore 12

-9 )n ?mu Yo’ "ﬂ»’ ";on ’ﬂ‘)t 9’1;,“' "'mﬂ‘* 100:’

h

'&)Hf"ww ,1 10> m"’mn"’mn 'fmu'?ru«rv'

~f
Yves e "anl 2 37‘” #7)’

Since, in the general case, the considerations are completely analogous to
this example, we can formulate the following theorem:
Theorem 19: If j is located in the interval
"y§1.'<‘.r” (Y: % IS WY Ay 1 l;" is no lilit), (195)

the following is valid (see eq.(97)]:

-

- Y‘v“)(f) for fso,f,.--,l’—b
if ##Y
11 :, f./ v }for veY,
w ze
g W= 4 on M
o _ ) (196)
Iw & for yzy+ty-.-»¢,
S © for y= ?f“v-'::l

(where the last row is of no interest); in addition, we have the following y2YNN

in the case j 7 iy o et iai
\f.“-hi{".“l 7""‘ l-.-gy‘“"..;i'—ai vhile "mﬁ,;fmf )(41"')' (197)
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where the function o occurs only in the case of j - iv > 1. Here,

we have

”~

?'(‘.,)(t) ’.const. for »= 1,...,f . (198)
[Thié latter follows from eq.(95) or (97).]

Let us now consider an arbitrary normal solution x(t) of eq.(l), which we
will retain in vhat follows, and let us make statements &n the increment of its
derivatives x**) (t)(k = O, 1, eee, N - 1) For this solution x(t), eqs.(19),
(31), (26), and (32) are valid. Here, it must be considered that, in eq.(31),
the indices V are arranged in a different manner, namely, first the resonance
indices, then the exceptional indices, and finally the principal case indices.
In order to retain our above notations, we will replace eq.(3l) Ly
wy = my, if v is the resonance index.

b e R
W -Z '(‘:;;: 0,0) with (199)
e ST wy < my, if v is the exceptional index

Instead of eq.(29), we must then write
Do) = L gn®  win Yy o. (200)

Similarly, eq.(19) is rewritten as

-

x(t) -5;,‘ 7 x(t). (201)
The order of increment of the investigated normal solution x(t) in eq.(32) will
be denoted by w so that, according to egs.(33) and (34) but using our new nota-
tion, the following is valid:

= o, > M o= M = me
“ (vgo),‘:,:...,?) re (avaes)' (3)1§es';' (202)

Independent of :ne investigations, made at the beginning of this Section,
on the matrix °(t), e following statement can be made directly on the basis
of theorem 3. /115

Theorem 20: For a definite normal solution x(t) of eq.(l), relative to
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the power order of x(t), X (t), eee, xX?7(t), eee, ¥ 1’ (t), we will obtain a

broken curve of the following type:

‘ Power orders

)
w-t ol

 —
\

. V4
Fig.Z

In the case ¢ = 0, only the horizontal at the height @ remains. [Corresponding
_ patterns are obtained for all 'x(t) at v = 0, 1, ..., B from eq.(201) and the

pertaining derivatives.)

On the basis of the intuitive statements on the construction of the matrix
§°(t), stricter statements can be made. Let j be located in the interval (195).
According to eqs.(23) and (25), we have the following for a resonance index or

for an exceptional index v:

YO,(t) = 4, T, () § Const. (7= 0,1,...8 #47) (203)

[($4°]

[see eqs.(30) and (31)]. Consequently, in view of eq.(196), we have:

Theorem 21: For an index v < f, differing from v, all vx(p')(t) forp =

= 0,1, eee, n - 1, have the same power order wy (see Fig.3). The same state-

‘ Power orders
M

%

T PR ——

'
~

L ]
-l
o
.
A
4
-h

Fig.3
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ment applies also to the index V = vy in the case of j = iys This theorem /146
has its nrecessary complement in the following theorem:

Theorem 22: If, in the case j # iy [see eq.(195)], we have v < 5, the
power orders of the derivatives vx(t) successively decrease by 1, beginning

with wy, down to the order
1, = Bin (3-1, %) (201)

after which they remain constant and equal to wy - (j - iy) in the case of wy 2

2 j - iy while they will be equal to O in the case of wy < j - iy (see Fig.h).

‘ Povwer orders

uv<}-¢'

Fige.l

Proof: In eq.(199), according to egs.(23), (24), (25), and (30) we have /147

Lo 1,
’0,. "= '2 d L ‘”f*! for posests sy
ree (205)
80"‘ = g. Jv,-)t Tnea®t Z w»u, 'wf:)
Because of eq.(197),
Ou(t) = Const. for M= 0,1,.0. d=1,=1. (206)

W
Y Y-u
In the case of wy > j - iy, the coefficients Gu(t) of t in eqg.(199)

are constant foru = 0, 1, «es, j - (iy * 1) according to eq.(197), with the
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w
coefficient of t Y being different from zero because of eq.(200). Conversely,

wy'("‘ly)
the coefficient of t

is not constant. An application of theorem 3 to
theorem 20 will demonstrate the correctness of theorem 22 for the case in ques-
tion here.

In the case wy < j - iy, only the powers twv-u with b = 0, 1, see, Wy <
< j - iy with constant coefficients will occur in eq.(199), where again the co-
efficient of th differs from zero. From this, the statement of theorem 22
follows also for this case.

By means of theorems 21 and 22, the theorem 20 can be made somewhat more
rigorous. Let us investigate a certain normal solution x(t) of eq.(l). Since,
according to eq.(48), we have as~4(t) # O, all derivatives x(‘)(t) with k = j,
j*1l, eee, n = 1 have the same order of magnitude in accordance with theorem 4
(see also the remark made there). Consequently, only the power orders for k =
=0, 1, ¢se, j remain to be discussed. Here, several cases must be differenti-
ated.

If we have the following in eq.(202) [see also eq.(195)]

- w >y (207)
or
wxwy adsisultaeously =1y, (208)
then the highest coefficient ¥ (t) in eq.(32) is not constant and all deriva-
tives x**(t)(k = 0, 1, +ee, n - 1) have the same power order ¢ (see theorem 21).
Consequently, in Fig.2 we have € = O. Figure 5 shows the power orders of the /1.8

derivatives of x(t) as a dotted line and those of 'Yx(t) as a dot-dash line*.

If
. ¥ J ¢ iy (209)

% A1l quantities x(t), not entered in the illustrations given below, yield
horizontals located below the dotted curve.
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then three additional cases must be differentiated.
a) An index vV = r with r < 8 and r # v exists, for which

(210)

Ua'v. U.
Also in this case, the quantity Yo(t) in eq.(32) is not constant so that we

again have £ = 0 in Fig.2. Now, Fig.6, in which "x(t) with its derivatives is

9 Power orders

1]
V4
& PRI LIV Sast g:-.’ _(u__._-a".:'—-:
o L (i delvnd
\\.
\\
N a D i)
l- -4
. ‘, 4 w1t
Figo 5

plotted as a dashed line, illustrates the power orders of the derivatives.
b) If, in addition to eq.(209), the following applies for all indices v < 8

differing from vy /149
v S e (211)

| Power orders

%)

U. ] 0' A WA S L N L IS DA AR L T
\, o aut

Fy \'

N\, (L]

2 ._
T . —t
‘U

i a-1

Figoé

then all Yg(t) for 6 =0, 1, oo, 4y = 1 in eq.(32) are constant, whereas Y&Y(t)
is not constant. Consequently, we have in Fig.2 4 = 4y = Min (j - iy, @y ); see

also eq.(20L4).
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c) If at least one index q exists so that, in addition to eq.(209), we also

have M = - -
<, > ",:.’f);) “» 9 > ¥ ty (212)
ey

then @y - w, is the smallest index for which ¥o(t) in eq.(32) is not constant.

Power orders

Ve 1 Y
X,
N,
\\ IR R F LR LN ...’_’.._. FERREES
VW ]
’ {' a-t —4
Figc 7
1 Power orders
e W
r&%\
. »
hi V‘{:.‘. .......... { s "0;&-_-.4
— ey
- 4
' T -
Figo 8
This yields the pattern shown in Fig.B*.
Section 10. Constructiorn of Solutions x(t) of Eg.(1) in which a /150

Given Derivative has the Minimal Order

We will now investigate hcw high the power order of a singular solution of
eq.(1) must be in order that, at given k (k = 1, 2, «.., n - 1), the quantity
¥ (t) has a minimal power order.

For this, a complement to theorem 19 is required, whose correctress can be

read from the matrix examples of theorem 19 in the same manner as the proof of

# With respect to b) and c) see theorem 2/, in Sect.lO,
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* In the case v =y = 0, only (<P((0)) » P

theorem 19 itself. This can be formulated as follows:

Theorem 23: In the matrix ¢°(t), we have [see eqs«(160) and (191)]

of 'Y4 4
4 (.""’~ LY ) "Il'd)g - N _
-( [ X 0z s+, Oing'lv r Y Tonss 22 T3 )- (213 )
4 § ¥ . I Y |
'( '{,,,,’"moﬂ""’?uofi”;i,ﬂ'*rmni,,,“,.’ e i - L0 “'tnoofu;‘)p
.. 12
if »sy and ;f‘,1)
4 -~ - ~
("tm) R/ nd_)) ‘(’1 By s Dimsy 2 T *Jewrar ™ 7[:]); *(511)
[ . d ,_ =
if vz ¥ on v
J 1+~ )~ :-“)‘? )
("aw' ’ 7[,,,_,) = ( T ? Tenrr vy~ (215)
’- if y=» §24 M
4 (""”'m, ',["g) =(“” A 7(,),5,‘3-1'“ LT I (216)
" ? ?(n-*c"—}ff e 2 ,[»’J)’
J if >A
(e’ ) = (o> 0 ) (217)

In the cases (215), (216), and (217), we have [[v]] = [v]. For producing
the general proof, it should be stated that the zeros in egs.(213) and (211,) are
due to the permutation matrices B, while the negative terms in eq.(213) are due
to the superposition matrices 8 Liwy ¢ The matrices (\;u* have no effect at all on
y+1s eses P(0))+g-1) = (L1, Oz,

)
evey O,,) remains of eq.(21h) which means t?]at, in the case j = 1, we only have
(P¢¢0y)y) = (11). The situation is similar for eq.(213).
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the matrices V&,.
First, let us repeat Fig.l with respect to the minimal order of the deriva-

tives 'x*)(t) [see eq.(19)], with k as the abscissa.

“ Power orders r Power orders
‘
&
'
o |
ve | : : 5
H P £ .
o ~(, *i, ¥ - ¢ i I
Fig.9(a) Fig.9(b)
With a minor modification of eq.(186), we can then define:
/152
= hu " and wa ® )’q
‘9 ("‘g -':---u') Y 4 r:yf:...,;‘_,.,? ¢ (218)
v Res. ( v Rea -

where Y is defined by eq.(195). Then, the relations (185) apply, provided
that A is substituted by Y (see footnote on p.109); this had been taken into
considerat}on already in Fig.9. If we have

B-Max (ag, ) -m,, (219)
then, according to the relations (185) modified in this manner, the minimal
orders of all derivatives x**)(t) (k = O, l, «ve, n - 1) of a normal solution

~

x(t) of eq.{1) are constant and equal to my = fiy. This constitutes no problem.

Then, only the case
n = Max (l’ » my) =my (220)

remains to be considerede If Y is the resonance index, i.e., if v = 5, the
power order of the derivative x(')(t) of a normal solution is equal to the power

order my of Yx:“)(t) according to Fig.9b. Accordingly, the only case of interest
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is that in which vy represents the exceptional index, i.e.,
v <y (221)
If ks j=-1is+ 1, then sx\k)(t) will yield the minimal power order of a normal
solution x(t) in accordance with Fig.9a. Information on the case
k>3-4, 4 (222)
is obtained by the following theorem:
Theorem 2,: If a given normal solution x(t) of eq.(l) is resolved, under
the assumptions of egs.(195), (220), (221), (222) and in view of eq.(201), in

the following form

x(t) - x‘(t) + x“(t) (223)
with
¥ w) w-J
= Vi) = ¢ «©) 221,)
1) Eng - ppyTY X; (221
[see eq.(32)], in which case /153
oy ) - m i a2

[see eq.(150)] can be selected, then the constants vau-Y occurring in the 'x(t)
of eq.(22,) according to eq.(26) can be so modified that Y% (t), Yi(t), ..,
¥4-1(t) are constant while Y,(t) is not constant, with

1= =i (226)
On substituting this modified function x.(t) in egq.(223), the quantity xy.(t)
can be so selected that the derivatives x'*¥’(t) of w = wy from eq.(225), for

k = 0, will decrease with increasing k by 1 each time until the power order
M -Ilax(mg,m,‘,). (227)

is reached. In the case i» = fMi_, the decrease of the power order proceeds to
v
the t¥N derivative with 4 according to eq.(226) while, in the case M = my = fiy

it proceeds to the L Gerivative with
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1% =1 - (my - my), (228)
Figures 10 and 11, in which x(t) from eq.(223) is shown as a dotted line,
illustrate the conditions stipulated in theorem 24: Fig.l0 for the case { of
eq.(226) and Fig.ll for the case ¥ or eq.(228).

Powver orders
wsw

¥

-'\§
'\.... y,(.)
N'-' ...... § r;‘-"-‘;‘-’_‘z-"-—-'—_—-—".——'—-.-‘.'_T"_'.—.(-;')-—.-'=;=;='-=
'-/
. Y _
'!a L . YU LPIPHIp NS PRSI pRpEp
*t r
s (D
@ mw - = = —— - -———---! ------------
v v
a B A
v minetnal order of »®
2
pinl- - bei b p i =f ¢ -1
' {l g It 5
Fig.10
JAGIN
Power orders
wasw
' *
\.",\ . I'4 4 )
[ e '—':‘= Fe— XA g¥ _ IX X1 _BL - % o *L 2 ) ‘n'—w
-1 . 1-1’“)
S Y
. ‘.% -
. . -/ ]
O, b L A
v I s _)
wewm b e T S
v 9
3 )
“. A - '-_‘—i'.—-—“_-'.-.fﬂ.
“ Painimal order of x®
o sizl- ¥i s L% ¢ $ -t -t
vy 27 ] M
Fig.1ll

Proof: First, it should be recalled that the summation indices V + 1,

v o+ 2, eee, Y which occur in eq.(22,) in addition to V must be exceptional in-
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dices, which means that, for these indices, the constants d,-y in a normal

solution x(t) can be arbitrarily selected. Consequently, because of [see

eqs.(7L) and (150)]

w = '0'3' m= 1’(}“‘})(""' te- ‘.y = -s'
we can select eq.(22.) as the upper limit of the sum. If, analogously to

eq.(225), we assume for v = V+1l,V+2, see, v -1,
w, ® s t (‘.vn- ‘.3 ) = “f« f(':vﬂ- i? +1)<""r (229)
and take into consideration [see eq.(150)]

-

O (230)

- -
> » v

then eq.(22/,) can be written in the form of

“ e
/3
w330 55 aw) ()

;‘35
[see eq.(199) or (31)] with [see eqs.(26) or (2u)]
a [155
0. = Z J/"" Tevn o0 @ (‘,.s o1y Y1)

Rao

’9-.; “) = > ,.J % l”f“q V* e e
i , wo-n Crnin 550 (MR umea
Azo

where the vfkv))(t) periodic with P and having a mean value zero can be selected '

(232)

[see (Bibl.1l) eq.(103)]. A comparison of the t-powers in egs.(224) and (231),

using the notations

= - £ v= v, Y1, ¥
A= - (£-4,,,) for o (233)
will yield o ) S i od-c,,, |
= t E : )y f2o,tre,gui 2lruyer,
X‘ ne v’ R (234)

which can be used only up to 8 = 4, in which case any summands with uygs not de-
fined in eq.(233) must be omitted. It must be noted here that the quantities

(225) and (229) are the highest occurring exponents of t at '85(t) or “9o (t).
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In addition to eq.(206), we will also need the following relation which

has been obtained by means of eq.(2l4) from eq.(232):

A

Y, ST S ¢ v
0‘ @ Z d P, s st d §
Aso

-

{) lf :t. >0
with J\u 3- ‘.')..., y } (235)

”~

-1 ;f w =0

s

In the case mz = O, the second sum of the second formula in the system (232)

will also occur in eq.(235) for & = 1, which must be specifically taken into
consideration later for eqs.(237), (241), (243), and (244). For & =0, 1, ...,

j -1y -1, eq.(206) is contained in eq.(235) since in that case, according to
eq.(235), the quantity By.y, § = T Decomes negative, meaning that the sum does

not occur in eg.(235). This formula is applicable no matter whether j = iy

or j # iy, as can be confirmed by means of egs.(214) and (215). /156

In accordance with eq.(232), we obtain for the remaining summands in

eq.(23L), i.e., for

vay , 711....,3'-1, (236)
by means of eq.(213),
o, %
v )= - -2 lrrdea 0 4
0/:;‘ .\Z-; “ur
S 'v
+ , . -
T l/,w-a 7(.«:14-(1.,“— &)
(237)
) /i T u)fh"’: i ¥ w
Z_,: 7oA e ;: Aoy e
Since, according to eq.(233), we have
§2 84,25 (238)
the sum does not occur in eq.(234) for the case that
$- o,1.....j-iv-1 . (239)
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so that here Yz(t) according to eq.(235) [resp. eq.(206)] is constant”. Conse-
quently, we now need consider only
R T I LTI (21,0)

Next, we calculate, in accordance with egs.(234), (235), and (227),

”
¥-1 v Y YJ
= d 7 @ + 4dpt
X‘ v /U-')I A 1A
; X1 Zf .l -;u (m)fh mf%’ Vot mx)
Ase (241)

¥ 41 - g )
al: f%‘ é ( l,u‘.':-); ‘l/-. —-h "(vn)flt t
' C3o9, 5 7 ®.
+ - A5 g (P)A

Then, we select the arbitrary vd,r such that the parentheses vanish, i.e.,

vel

v [157
d = d 7

- ’ =-, M eeny ¥
/b'r“ /‘y‘ A vEY. A -1 (2[;2)

where only eq.(27) for v = v must be taken into consideration. Then, the only

remairing terms of eq.(2,1) are

% v-1,8 3 ~
= J t l v - ().
X[m py Z’ - 1,: () tr (243)

Here, the sum occurs only if [see eq.(231)]
Hyong T I-(i-4) Zo
i.e., because of eq.(226), if
AP 4
Consequently, according to eg.(2.,1), the quantities Y%, Y, eeey Yy are cor-

stant while

%, 134 F...0
}‘: w= %4 . @ (2.1)

is not constant [see eq.(198)]}. In view of theorem 3 (or theorem 20) this

* At j = iy, these terms do not occur.

1.0




proves theorem 2/, under the additional stipulation that x**(t) in eq.(223) con-

tains no t-powers higher than t", with M from eq.(227). For this, it must first

<ht

be established that no v of the series V + 1, ..., A can be a resonance index
and thus need not furnish any t-power. For such a v, according to egs.(74)
and (150), we would have
~ DR, W) > . +(¢',,,—¢'=)- -,

which constitutes a contradiction to eg.(220). For the resonance indices of the
series A * 1, ..., B, according to the definition in Section I, the highest in-
dex has the greatest my = fiy which means that, according to eq.(220), we must
have my < mz. Here, it should be noted that the case m = m3; = my in eq.(220)
had been taken care of already when treating eg.(219). This will immediately
produce the bound (227) since the indices v > p furnish only periodic components
to a normal solution x(t) of eg.(l1).

As an application to theorem 2/, we can use the example on p.109 with /158

j =Y, in which case we can assume v = 0, 2, ) as resonance indices. We here

have

¥=3,1i,=95, ;‘291“.'7’3’5\1'5;
v v H H
so that, according to eg.(225), it can be computed that
Waews a5+ (8-3) =10

and, according to eq.(226)

1.8'3-5-

In Fig.12, the dotted line indicates the power order of the kth derivative
of the solution x(t) according to theorem 24, while the solid line shows the
mirimal power order according to Fig.9a; the dot-dash line gives x(t). This
latter line generally also is valid for the solution (223) with » from eq.(225),
i.e., for ® = 10, and can drop below the value me = 7 only at a special selec-

tion of the constants ”d¢2 for the selection (242), this can drop to the minimal
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order of Mg = 5.

So as to obtain an example also for the case (228), our above statements

are modified such that we lower ms = 6 and add v = 5 as a resonance index to

‘ Power orders
Y NS )
3 rx‘\
N 3 (&
~em = Y ._..'§=.—_—.-_-:.—_.—r=.=.—li-.ﬁr-r_—.-.=-r=.v_.—.=.=:s
PP B I X i
e mininal order of.r“’
i
' 3-"'{, ’;‘.ﬂ" w1
Fig.l2
Power orders
U'U,.b
»,
, ":,tg l,‘.)
bk e s e o SR TS PSS TS TS TR SRS RS TR T TRUTT ST S
u}.:s:.‘ 2 ..'.?..’:... Secas ..-.---;3:?{?..;4..
S =F maininal order of
-
o {v {" =2 n-1
v =0, 2, and . We now have again 1
H]

W@, o-10; 1 =5,

;-2,m_n7.$-5, vhereas m =M = m xﬁ -6 ,
v s r p 5 5

Consequently, we have in eq.(227),
M = Max (5;6) = 6
and, according to eqg.(228),
1" =5-(6-5) =14
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The new conditions are illustrated in Fig.13.

Section 11. Method for the Formation of Examples /160

Theorem 25: The functions

Iu(t) = :’-t- ?,.(t) for m=1,....1, (245)
where the ¢h(t) are n-times continuously differentiable and periodic with the
period P, form a fundamental system of a differential equation of the nth order
having coefficients periodic with P, provided that the Wronski determinant of
the functions y1, eee, Yo differs from zero for each value of t within the in-
terval 0 < t < P, Here, the matrix $ =9 *(0)MP) contains only elementary
components of the order 1.

Proof: Obviously, the functions yu(t) satisfy the differential equation

of the nth order:
3, ¢, PEETENPE AR N
}.’cv,l( « "*"‘l) '.__’ce..t(,,‘.."*{)

“ ' » 6
3 (< s, ?,'f‘f,‘),...,g'.'“(q: PRI l'.) =0 - (246)

- . ey -
3, ¢ ‘,‘ﬁ(?)d,{f-f-r,”)---,:‘ {«.v(',')a q.f-ﬂl")

If the exponertial functions are canceled from the columns, a differential equa~
tion with coefficients periodic with P is obtaired, in which case the factor of
the highest derivative which, except for the sign, coincides with the Wronski
determinant of the functions y1, eee, ¥n, according to definition is a continu-
ous function differing from zero. In addition, the following is valid for the

fundamental system:

}1 ’ 4 LA }1.
19“)" }1' » }; [IENE | .}.v; - (2h7)
s(s-') (n-9 :(Q“)

3™ ge s Fa
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, PN N Al
= :'*" F 2 ': 1"."".’ ci.‘ , (21*7)
u-? -1 - in-o ‘» wy 7, o b
“ ".'("?q, ‘ﬁ**ﬂ PR & ‘1"(.7-1"1,#11_’ &
P
o /161
e"’
19(:01):19«,. . (218)
C
e
From this, it follows that [see (Bibl.l), eq.(10)]
P
e
¥ = &
' aP (21¢9)
c‘

Consequently, the matrix $ consists of elementary components of the order 1.
Theorem 26: The functions

- a“t
}‘m = e 9‘ 13

w= c‘“(ttm + “m)

. wk o a2
J )‘lu= e

£ g t'f‘mf*f,lﬁ) (250)

: -1 --g
3 )= ;'(‘L tlnfﬁ__ (‘(u 14 qﬂu)),
-~

(wm—t)! (w22

where the ©3(t), ¢.., @ (t), are m-times continuously differentiable functions

with the period P, form a fundamental system of a differential equation of the
mt‘h order having coefficients periodic with P, provided that the Wronski deter-
minant of the functions y1(t), ..., ya(t) differs from zero for each value of t
within the interval O < t < P. The corresponding matrix @ consists of exactly
one elementary component of the order m.

Proof: The differential equation of the mth order, which is analogous to
eq.(2,6), after reducing by et and introducing the operator

D= 'c'?r (251)
1




| as well as the notation
|
|
l

A ~
/ot
%’msg ((_')(on) v

a1,

14
@ for
41 g

(252)

A"" . . p

- summands in which the index ©® < O must be replaced by O - can be written in

the following form:
) WA AR ",ﬁ*‘Zl

}.l &1 4 t"uf‘;t"

_—-

LR 2 4
o A L 4a

.‘)'

ot T S
? (wm-0! ’:. -2 u

g”“ KR Whe g R T 3 S

2 L, 12,
:: ") 3 3¢ 2 —-e! i “"‘:" 3¢ .o (253)
- il ¢
}l n), . ‘) f) - (- o .?_‘"Qm .Z_uf'-f)__._
~ P >
3 ""'"’u"-ﬂn*""’)‘r .’l-.-no '&*'ﬂ 1] Lt

The first row is obtained directly, while the other rows are obtained by com-

plete induction with reference to the

row index. If the power factors are

eliminated by forming column combinations, a differential equation having co-

efficients periodic with P will be obtained.

Again, the factor of the highest

derivative y(')(t), except for the sign, is equal to the Wronski determinant of

the functions y3(t), eee, ya(t), i.e., is continuous and different from zero.

! In addition, analogous to eg.(2.7), we have

’,1 ”’l ’ J J‘T
:
PRNEAIRENS S
)= - .
‘g }.o , ? s J'M
" ‘¢ ) i net) (25’*)
i(--!), "'" . J,“
- J
il /163
r)'-' » T3, g2 £.5.9;, H-;,f.zj,-.-,(!h,, AR DL
e
At e A o 5
¢
32‘. e 153 % :—‘,l ‘4("‘3 ’” 15_7) f'-f.;.. >
. - :
:7.‘, Itk ,,ﬁ..,’_,tf)_ 3 At w__j

L5




=1 j
) o .
,;‘)(k"f))"f..’l....)%_ ’:'* ’,‘:‘

)
)“bf#l"z'f) ,..,Q_!LJ.".-’-I“

22’ 7 (=S

3

wolte?)

9(“»-3

ot
P RULL A2 P ""’:‘:?‘1—_ Dt -

. -
: ? -yt *P) -
2 AP 2
. 3 )
1 B
43 -1
o P
P ... b B
”gf”'c v =Ty

-

i

(255)

From this, again in accordance with another paper [(Bibl.l), eq.(10)], it

follows that

ma?
e

" Y s

Y

-

P "t
(m-1)!

. :--l
(o -2

'

-t

«p

(256)

=3 ~ :
(w02 I 4
. ) .

-

1

Consequently, the matrix $ consists of a single elementary component of the /16
order m. Theorem 25 for 4 = 1 represents a special case of theorem 26 form = 1,

From this, we directly obtain the following theorem:

Theorem 27:

from several function systems of the type of eq.(250), i.e., for example,

I1f, in forming the differential equation (246) or eq.{253)

y NS T ‘““}mfn‘-c idigy' denres *dye -1 oy Fesy 'J'mn'""Juu-T',

a differential eguation of the order

n-m1+m2¢...+ms

is obtained, with continuous coefficients P, and one matrix

146




¥,
¥ .
: *, ’ (257)
where §y is of the order my.
Section 12. Examples [165

Example 1: In accordance with theorem 26, withm = 2 and @ = 0, we start

from the fundamental system
3(1)-51111:.;[1]-1: +8int -~ 3 coat + 1. (258)

These functions are solutions of the differential equation [see eq.(253) or the
formula analogous to eq.(246)]

A a ~
1 m ,yu_Zﬁint gogtosint $ .
3 + 8in“t - cos ¢ (259)
2 ~
4 + cos"t Feo,

2+ sintt - cos t

in which the denominator is positive. The corresponding solution matrix $(t)

reads

~ A A rsint 1=3 cos t 1 t (260)
GIGER ICKESARY S B -
cost i4 sint 0!1
with
2 0 1
N . (261)
0 o

The transposed reciprocal matrix 8(t) = (ﬁ'l(t))' will then be
AT

f}m N PSR L R

3+8in"t-cos t

(262)
4 sint -~ cost 1 0
) =143 cos t sintfl=t 1 )
The elements of the last row
A . =t. sint - 1+3 cost a ’z‘ - sint
2(1) 3+sin2t - cost on 0d 3+sin "t-cost (263)
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form a fundamental system for the homogeneous differential equation adjoint /166

to eq.(259):
xL(;J. in’(z sint cost « sint 2)'* 4 + cos’t 2e0. (261,)

3 . sinzt - cost 3¢sin2t-coat

Next, we consider the solutions X(t) of the inhomogeneous differential equation

-~ ‘ ~ 2 ~
LF‘]I i - 2 sint gost + gint 2. 4 + cos t R=£(t) (265)
3 + 8in"t - cost 3+8in“t-cost
with
£(t) = 3 + 8in’t - cost. (266)

Since we have a solution 2z;3;, periodic with P, we car form the integral

ir I3 4

! ;[,i(t) £(t)dt = J sintdt = o (267)

and find that, for the inhomogeneous differential equation (265), the exception-
al case is present. Then, the general solution %(t) is obtained in accordance

with the variational method for the constants [see eq.(18)], as follows:

~
x(t) = - t sint + (g + 3- cosft - cost) +

(268)
+t - 1c° sint ¢ 1c°(1-5 cost) + 1c1 sint,

with the derivative

X'(t) = = t cost - sinlt + t * 1c° cost +

1

$76, * 4 8int + e, cost.

€4

If Yeo = 1 is selected, then %(t) is periodic with 2m at arbitrary ‘c;. How-
ever, if 'co # 1, the power order of %(t) will be fi = 1. Since the factor of t
in %(t) is a nonconstant function, periodic with 27, also the derivative X (t)

has the same power order ! = m = 1 (see theorem 3, resp. theorem 20).

We then turn to the differential equation /167
Gy wp G2 #)
TP rawsraidi vone ikl i (269)

1.8




at j 2 1 which is transformed, with x'*’ = &, into the reduced differential
equatior (265). First, we construct a fundamental solution matrix ®(t), accord-
ing to the method described in Section 5, for the differential equation homo-
geneous to eq.(269). By selecting successively j = 1, 2, 3, we obtain the solu-

tion matrices [see eqs.(108), (109), (114)]

1 |-@t,-tomt 1je ¢

jﬂp$n=§nr3m- r ; ol t (270)

At
with ﬁrlt)t e and §'= rey )

' 1 otfe £
. & 1]|- ot 5.2 st 1le ¢t
3:;"5&)-}«;-&0}: ~ e (271)
dt ed]e o
with 3“)- e and A = '. ﬂ »
1 o ot s ° 1 ¢ é. [ -%:—
g o |-t st A '
}:]Blglu: 4(0).3,(‘,)= ol-et s-2 it 1]le ¢]s ( )
~ 272
r ¢ r |’
A o 1¢0]® 0
with g(&):e ¢ and R = .: :: .
’- et
[
Here, according to eq.(260), we have /168
ot 1-3 ot

Next, we determine the matrix € for the transformation [see eq.(123)]

d‘= [-'j[)
which brings the matrix & to the Jordan normal form f°. This then yields [see

1,9




i"l Lad = [v‘&-.

(274)
1]¢ 1
=« 13 A1 )
1 1
g Lo L3y « L0850 -
(275)
1 1
- 1 [ L
= : 111 € 1 ’
1 1 1
. ~_ x [‘w [’
J-3|1= ,'[;w[;'*(; 5oLy Ay Ly Ky = (276)
4 1 1 o1
1 1 o1 1 0
= 1]1 0 1 Ll e £ 1
] [i1 1 1
1 1 1 1

We use this for calculating the new fundamental systems [see eqs.(12,) and /169

(192)] -ﬂg(t) - 3%t) - e At

. ot |1-wet ~2at 1
5.1' W= ] e 3ot 3K (277)
—wot| wet gt 1
ot |1 3t Coot 1
A E
. . wot |0 it -t 1 t Lt
=2 = ¢
" ﬁ camt]o  eint  1-2aet 1 ¢f’ (278)
~ totfo et §aint 1
et q o torot o [
et | o 1 et e 1e e
. . | S 11
=3 )= " —pain N
Iﬁ wt ° o A~ to gt 1 ¢ % . (279)
—amt] o ° ot 1-3¢mt 1 ¢
-@t] o o ot Gamt 1
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In eq.(277), it must also be noted that

J=1,4; =1, i.e., j =13, v = 1 [see eq.(195)]

We read from this:
'c-:-fc)‘w#“."‘w"' iﬁ” ""f/""";-mf iw--hq'

This result coincides with theorems 19 and 23. Analogously, the following is

valid with respect to eq.(278):
j=2’j>iI,Y=1

Equation (278) indicates that
“.--%. ot * Cw.f., ﬂ’lg

- = . L= g - . -d = 3
?m' T v ttﬂ:-t, Fou W ‘fu'?mm Jon =
This result also coincides with theorems 19 and 23. With respect to eq.(279),

we have
Pl I 5>‘=q » ¥=1
~F
,«.pe- q""c- ot # lnd.
- < =3 =t § Ot =g =o,
T % ;YM: * t:’ﬂt“"( Bowe Yo 4 ? T3 Tonr 7

which again coincides with theorems 19 and 23.
The reciprocal transposed matrices, conjugate with egs.(277) - (279),

- r
o o ') ! “nT -&.-t - _# ¥
- - ; . c -— . e
will then read
Itainte (ot $gailtocoe [ o |l14
. . 1 Lamtcnt —grnt] ot it |-t 1
=1 e ———o .
J' I? S alt-wt]| 3ttt - yort [E+licut|ont e 1 (280)
€ 1
° o=ttt 4 ]
. 1 :1&-‘!- ot . 3¢ olt-cnt | o !
,“"‘ (ntﬁ—' . . - & . X 1 - ( 281 )
ottt | Lontort—gaint] 1430t 2ot ant |~ ~t .
. 34 et ot |-aittiontont] 21t ot £ 1
& -
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’._’I ?;” 1 [_]:ﬂ

T3¢ At -t
. "A'."t-vt . ° »
° ° 34 sl —et ° b4
1 pamttoont ° ° stalt-wt .
1otint ~paat] -paintoct | 1434 Laltut |-t
3tert-gust | Got-3ct|-mnt trattt] st oot |t

1

[]

-t 1

$ e 9
N
-%5. f-‘ -t 1

From this, one can read from the last row

ZE°1- 5+~ (g - 4cost + g cos2t) for j=1,2,3, (283)

+8in"t-cost

i.e., independent of j in accordance with the proof of theorem 14. The corre-

sponding periodic solution z¢¢y3y, in all three cases, will be (see theorem 13)

sin t .

dio)p ;m' 3 4+ 8in’t - cos t (284)

Naturally, the function z;103; can also be calculated in accordance with the
formula (163):

war = (o Fo thy g t5) - (285)
In accordance with the last row of the matrix ¥ [see eq.(262)], we have the

functions YA -1+ 3cost A sint
(mn = 2 and Y["]' - N

3 + 8in"t - cost 3+8in"t-cost

and, in accordance with the j'P power row of the matrix @ [see eqs.(270)-(272)1,

the functions

~ ~

3 7(1) =-cost and .J"fL"U' -2 .8in ¢,
As readily verified, this will also yield eq.(283).

In addition, it is possible to read from the representation of eqs.(277) /172
to (279) resp. eqs.(280) - (282), the orders my of the elementary components,

resulting in the scheme
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m, [ 1 1 1 1 (286)

m 2 2 3 4 J+

which coincides accurately with the scheme of the minimal orders for the reso-
nance subcase [see eq.(185)].

For our special case (266), the quantity vV = 1 in accordance with eq.(267)
is the exceptional index. Conversely, a computation of the integral [ see
eq.(283)] o

[ g sos = ve 4o, )

[ ]
shows that v = 0 is a resonance index.

Naturally, instead of eq.(287) one can also calculate (see theorem 18) the

integral
4 t4 4

j ZB.!] (3] ;lt)-ll =‘j Letrdt = T #O

by means of the solution

?c(t) = g - 4 cost + 3- coslt +'q'ﬁ'..ts¢e eq(268) (288)

1
with Co = 1)

of eq.(265), periodic with 2m. In this manner, the following sequence of values
is obtained for the overall minimal power orders of the solutions x(t) for j =

=0, 1, 2, 3, etc.:
m=mn = 0,1,1,1, etc. (289)

o
The general solution x(t) of eq.(269) can be determined in two different ways:
either by a successive integration, starting from %(t), to eq.(288) or by 173
constructing a particular solution in accordance with the method of variation of
the corstants on eq.(269) and adding the general solution of the corjugate homo-
geneous differential equation which must be taken from the matrix o (t) [see

eqs.(277) - (279)1.
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By successive integration of eq.(268) (i =1, 2, 3), we obtain the solutions

-

J = 1' x(t) = ¢ (2 + cost) - (2 sint -2 sin2t) «

1 1 1
L o (1 - cost) + (=2 o sint - <, cost + 51);

2
J -2' x(t) -g-' §T+ t sint + (3 cost -;00321:) +

1 1 1 1
e, + t(a, - c, sint) + ( ¢, cost -~ ‘c, sintay)s (290)

2%

3
j-}lx(t)-g'-}r-tcoat+(431nt-%sin2t)¢

%co’ta+t(1 ost-+a) (e t
ST 84 ey © 2) + 4c08 +a3)-

The variational method for the constants, using the argument

x(t) = %x(t) + Tx(t) (291)

and [see eq.(20)]
/] t
x(t) = E 3 - legt) £(t)dt fgr v= 0,1 (292)
aw
would yield
xee) = mc(:}t- 4 olnt .,‘1'_ snzt ¢ .¢1) ’
oy = %t(‘l—mt) 1(-:- ot o-t-‘ui.t-%,--; et o-t)‘,‘
&=t ¢ 7% (1-0nt) - 27 4t 4 % (1-aot), (293)

Xit) = t(§+ w*t) - (ot - .,l a2t) 4

+t-'¢ (1-0mt) «f(—l Y, st - (- %, )emt t ’c,),

which coincides with the first equation of the system (290) when taking into /17
consideration that 1co, lc;, and °c1 s Or a1 are arbitrary constants. Analog-

ously, we obtain for
O%(t) = sint (Z» t - 4 sint + ;"-_ sin2t + °c1),

2
1x(t) - g(’:':‘T - t 8int) + (3 cost ~ % cos2t +

2 (29L)
4 8in’t - ;‘-; sint.sin2t) + - '1c° «
1:(‘|c.l - 1c° sint) + (1°o cost -

2.2
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1c1 sint » 102).

2
x(t) = 2 . §T + t aint + (3 cost - g cos2t)

2 1 1 1
. i_ . Co+t (cy = cosint) +

1 1 o 1
o cost - ( e, - c1) sint + )
and for
%%(t) = - cost (g t -~ 4 sint + % sin2t + °c1).

.
1x(t) - g(ST + ¢t cost) + 4 sint -

%2 sin2t + % sin2t cost +

3 2
1°o(§T + t cost) + 1c1(§-r + cost) +

33 (295)

1c2t + 1c5 »
3 .
x(t) « 8 * §r - t cost + (& sint - 3z sin2t) +
3, 2

3T So* 3T 61 * t(1c° cost + 1c2) +

1 ° 1
( cq = c1) cost + 'c3.

Again, we obtain coincidence with the two last relations of the system (290). /175

Solutions with the indicated minimal order (289) are readily constructed

[see eqs.(293) - (295)]): -
For j = 0, we only must put (as already known) Yo =1 in eq.(268).
For j = 1, the selection of constants in eq.(290) is arbitrary. \

]

For j = 2, we put oo —g— while the other constants are arbitrary.

-2 and 1c1 = 0, while the other constantsJ

2

For j = 3, we put lco
are arbitrary.

If we start from a fixed solution x(t), power orders are obtained for the
sequence of the functions x(t), x (t), xm(t), x"*(t), etc., whose patterns can

be determined in accordance with eq.(290). Let us consider the case j = 2 and
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select a definitely determined x(t), resulting in the power orders of the deriv-

atives x‘k)(t) for four different cases as shown in Figs.l) - 17 [see eq.(295)].

In all these cases, the following is valid:

1]

j = 39 il = l) Y
W “m =1 [v

1 [see eq.(195)] (296)

0 resonance index, see eq.(287)]

Case It ‘¢ * -%— # 0.
Here, we have vy = 3, 4y = j - iy = 2 [see egs.(204) and (296)]. The per-
taining pattern corresponds to Fig.7.

/176

Power orders

d.hl'-’ :
SN -
5
< am =t ‘:'.’.‘f’:.‘:rau-umu
o t
e 1 1 ey wixp
Fig.ll
Case II: ‘¢ * -;- =0, but ‘c; # O.
Here, we have w; = 2, 4y = 2.
The following pattern corresponds to Fig.8:
Power orders
ﬂl..;-‘
ﬁ%“ o
S am, =t —-\-:Lu:u‘:;:;m
N o o1
o 1 2 de3 ™i=p
Case I113: lco + —g— =0, le; = 0, and !¢ arbitrary.

Here, we have w; = 1, 4y = 4; = Min (j - i, w;) = Min. (2, 1) = 1 [see

egs.(204) and (296)].
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Case 1IV:

In accordance with Fig.6, we obtain here

Power orders

w

s
Wawaw b A® B Bt e By "D B
] % E u». sf Q o £

'\ 1.8
e 1 2 }®

Fig.l6

*¢ -1 =0, and the remaining c arbitrary.
Here, we have

U.'-f‘.ﬁ' ]_v-j—i‘,sZ‘

[ 4

¥e 0 (see €q(220)), i_= i = o (see €q(152)),
14

) (297)

;..-5 5,% 2@ =1 (see q(296)),

1=j-i_=3-0=3 (seec €q-(226)).

8 4

The constant ' is so selected that [see €q.(291)] the coefficient of t van-

ishes in the sum x"'(t) = ®x"t(t) + *x"*(t) (see theorem 2.).

“ Power orders

u:-i,'i N

See also Fig.lO0.

In this case, the condition (24,2) must be satisfied. We will check this

condi*ion; the only remaining item is

(298)




where ldb is the coefficient of the highest power in 'x [see eqs.(122) resp.
(199) and (26)], i.e., —g— + *¢o according to eq.(295), whereas °dy, is the con-
stant factor of the highest power in °x(t), i.e., equal to —%— according to
eq.(295). In accordance with eq.(203) resp. (26), the coefficient of °x(t) can
be computed [see eq.(279)]:

705(8) = °B,(8) = %4y Fgoh®) = 4, ( = cost),

so that, necessarily, °% = -%— . Consequently, the condition (298) reads as

follows: 5 7
2+l = -5-, which yields ‘o =1 /178
2

as had been assumed above, for the case 1V.
The four traces from Figs.l) - 17 are compiled in Fig.1l8, together with

the minimal solution of Fig.1l8 (the latter is shown as a solid line).

“ Power orders

-
‘g /v

e

I
\\‘\I,
x S \&

™M ,

¢ 1 2 ju) wiv¥

Fig.18

L3
’

It is readily demonstrated that all possible cases are covered by the
cases I - IV. No solution x(t) exists which, simultaneously with all three
derivatives x' (t), x"(t), and x"*(t), would have the corresponding minimal
order, as represented in Fig.l8 by the solid line.

As a second example, we will consider the differential equation

<(3+3), 2 cozznt (342, L (3+1),

(299)

158 D i) 30
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with two different right-hand sides: /179

(a) f£(t) = sint (2 sint - 3),
(b) f£(t) = (sint - 1) (2 sint -~ 3),

The general solution of the inhomogeneous reduced differential equation (j = 0)

has the following form: ) - ;‘(t) . 1c1 3(1)(1:) . 1c° ;[11(‘) .

A 0. 0]
2200 $0y(®) (300)
with
r;(.,)(1:) = ‘?(1)(17) - v}coat.
Ten(t) =t - % 0 +F 500 -
1
=t g-cost + (; sint + 1), (301)
?(2)&) - q(z)“) = sint,
According to theorems 25 - 27, as already expressed in the notation,
31 -2, ;2 =1, i, =1, 1 ts nonexistent, (
302)
-(1 -0(2 = 0
‘?(1) - % cost, ?[1]' ;- sint + 1, ?(2) = gint.
Further, for the case (a) we calculate
;‘(t) - t(g sint - cost) + (303)

1(% sint + 3 cost + % sint cost - 3)

/180

and, for the case (b), = o2
x (t) = 5 cost + t (sint - cost + 3) +

(304)
f(J;l- cost - g sint + % sint cost - 3),
A ALY, _7 . »
By means of the matrix 3(1:) = \2) ‘(t)\} » the following is obtainea:
2(1) ==t ;[1]*1}1)' -t TEH-E% *
(3G5)

3(3 cost - sint cost)
t s8int -
TONh C altars e A
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1 + 3 sint o coszt

[iﬁa'*[zl' 2 sint = 3

For the case (a), this will yield

i -
JIENORICIUNS | 3sintat -0 .

[ ] .
v= 1 e.zcep‘tional index
) - (306)
‘p](c)f(t)dt - [ sint (1+3 sint + cosat)dt -

=3¥ 4 0, ¥= 2 resonance index

3

o&-—.‘.:g .

and, for the case (b),
M

L 5 2APS
F J‘ lm(t)f(t)dt - —3~f (sint- 1)dt =
o
°
56T+ o0, Ye 1 resonance index
. f, (307)
‘aj(t)f(t)dt' = I (sint - 1)(1e3 sint + coszt)dt -
]
Y= 2 exceptional index

<

S

=0,

e

The solution Z[[Q]J(t) is calculated according to the formula (163):

zm’-ﬂ(t) T (Ym FUTS ¢ Yeg jTeg t i" 5'?;‘) r :’\;") . (308)

The still to be determined functions 33&1)’ ,3&1], ,a&a) are defined as func- /181

tions with zero mean value from the system of differential equations (97) which,

in our case, has the following appearance:

.l

-~

!
-

o = % A §et
~ ! ~ ~ ]
? ~ - ~ - . t - ~
J m = "m Ten ! "tq A Joo ( 309)
_ . '
A -~ .
tx) = Yo ’ ";n = et .

As solutions, we obtain

'1‘2) = - cost.

'};n - % sint, '7[,0= o,
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On substituting this, together with eq.(305), into eq.(308), we obtain

" - cos: = _sint cost (310)

In addition, according to egs.(162) and (305), we have

- “ - (311)
2y 2" Yot 2‘_’}_‘751“ =

as well as

1 + sint + ¢ 52t

Mg 223 < Teay = T drae (312)

In both cases (a) ard (b), the exceptional case exists for v = O.

Thus, the scheme of the minimal orders, according to eq.(185), will be

g0l la]s]a]sy2

L [ 1 1 1 1 1
m, 2 2 3 4 S jJ+«
m, 1 1|1 1] 1

From this, in the case (a), we obtain for j = 0, 1, 2, 3, ... the sequence /182
of minimal orders [see eq.(184)]:

mem, e 1,110, . (313)
In the case (b), we obtain accordingly

B em, = 2,2,3,4,.., . (314)
Then, we determine the general solution x(t) for j = 4, yielding:
In the case (a):

4

x(t) = - }ﬁ- + t(g sint -~ cost) + (% sint +

4 3 2
$§cos t +E%-sin2t) + 1c°§1—+a1 §T*a2§T’

+t(1c° . % cost + 35)4» (- 1c°sint + 1c1' % cost +
2
+ c, sint . ‘.4).

In the case (b):
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4 2
!(t)-5%?-5£T+§Tcost+t(-5aint-cont)+
4 3
1(§aint-%cut+1§sin2t)+1c1§-r+a1§-r¢

2
¥8o ET + ¢ (1c1 N icost + 15) + (-1c1 sint +
"1"2. g-cost + 2c° sint + a“).
In the case (a), four subcases must be differentiated:

10 - 5*09

(¢
)

0o~ 3 =0, but a ¥ o,
co-S-a,'-o. but aefo.

co-i-a,‘-az-o.

from which the following curves for the power orders, analogous to Fig.l8, are

obtained:

l Power orders Q&}

¢ 1 & 3 4z¢ 5§ wisf

In the case (b) only one possible case exists with arbitrary constants,

yielding the pattern shown in Fig.20:

Power orders

Binimal

0 1 2 3 Je¥ § wind
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It should be mentioned, in addition, that it would not have been necessary
in the above examples to check the index v = O as to resonance since the minimal
order my can never be greater than m; or m.

Example 3: As the third example, let us consider the differential equation

x(:j+5)_ 4 + 8in2t + 2 cos2t x(a.a) .

sincdt + 4
6 + 2 cos2t - sin2t _(j+1) in2t - 6 (315)
t 5t e s 2t w(3+1) , 8in2t - 6 ,(3) =1(2)(§ 30)
with the right-hand sides /184

(¢) f£(t) = cost (4 + 2 sint coat),
(@) f(t) = (4 + 2 sint cost).

The general solution of the inhomogeneous reduced differential equation has the

following form:

A A 16
X(t) = ;(t) + 102 9(1)(t) + 101 yl'D(t) + 200 1(2)“) (3 )
with N
5[1](1;) -t q?(,l)(t:) *?tﬂ(t) micost + sint (317)
5.(8) = To(0) - o¥ = of,
where, in the case (c),
‘i‘(t) = Tg et - % tz cost -~ ¢t (2 cost + % sint) +
i(?‘—g sint - %% cost - g sinBt - (318)
-2% cos’t - % sint cos?‘t - 3 sinat cost)
and, in the case (d),
Q‘(t) = g et- t cost + (—sint + % sin2t -
--1-% cos2t - ainzt - 3) (319)

Thus, we have My = 2, fie = 1 in which case, for v = 2, the principal case

A ‘A T o
is present; for v = 1, no i; exists. For the matrix 3(t) = \W 1(t)} , we obtain
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sint + cost +

("~ ¥ Tt Yy 7t 7 a2 siat cost

1_sim: - 2 cost

2

’
4+2 sint cost (320)
2 = = - sSin + COS
[ I 43 ] 4 + 2 sint cost °
~
'z‘a - f2 et < 1+ cost . et .

4 + 2 sint cost

In the case (c), we calculate /185

I3 4 L ad
j ;E'lft) f(t)dt = - J (sint + cost) cost dt =
N

=- W ¢ o, ¥= 1 resonance index (321)
and, in the case (d),
o o
J z_[1J(t) r(t)dt = -! (sint + cost)dt = o,
0 Y= 1 exceptional index (322)

For the orders of the elementary components with variable j, we obtain the scheme

J - 0 1 2 3 J % [+
o, o 11213 J
m, 2 2l 212 2
m2 1 1 1 1

In the case (c), we obtain v = 1 as the resonance index. For establishing that
v = 0 is the exceptional index, it is only necessary to determine z;(o3j; which,

according to eq.(163), yields

-2 + 2 gint cost
’xp *
4 + 2 sint cost

which means that v = 0 is the exceptional index. According to eq.(lBh), the
following values are ottained for the minimal orders:
me=n

4= 2,2,2, ete (323)

Thus, in analogy to Fig.l8, the pattern shown in Fig.21 will be obtaired.
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1 Power orders
U.u.gb .“

IN I
X

_ — 1
[} 1 2 3 4 Jx5 £ 1=
Fig.2l
For each curve, a normal solution x(t) can be defined. /186

Case (d): With the period P = 27, the quantity v = O is the resonarce
index, v = 1 the exceptioral index, and v = 2 the principal index. Since, for
the reduced differential equation, the resonance case does not exist, the follow-
ing can be calculated according to theorem 18:

fad o
..J 2peg(®) T(0at = J X(t)at = —4WF o
with the solution %(t), periodic with 27 [see eq.(316)] at %cy = - —%— and
¢y = 1. For the minimal orders, the following values are obtained:,
m=m o= 0,1,2,3, etc.
For the power orders with two case differentiations, the pattern of all possible

cases is obtained. (In the dotted curve, w; = 1 has been assumed while, in the

\ Pover orders




dashed curve, the minimal solution w; = O has been assumed.)

Example 4: In the differential equation

(3%, sint £(3+43) , 4 ¢ cost (3+2) ,

2 + cost 2 + cost
sint 3+ 2 3, .
t 52530 x L arerre 2(2+cost)

with j 2 O which, for j = O, has the general solution

2
;(t) :%rcost+a-tsint+2cost-2+
1 int 1) +1c sint + 2c * t cost +2c ecost
4 co(t sint + 1 1 >

we obtain

N A A A
9y = sint, ‘fm]- 1, ?‘2,= cost, "[2]- 0,

A 2 A 2 . .
my =2, O, = mit 11 = 1 gnd 12 1§ nonextistent,

Here, our scheme for the minimal orders reads

j=o 1 2 3 Jg‘l
m ] 1 1 1 1
o, 2 2 2 2 2
m, 2 2 2 2 2

According to egs.(16L) and (166), we calculate

- sint 2 cost + 1

~ - - = n 2 3 T -
Zea= Y[’l]- Zscost) and Zp 1[2] 2(2 + cost)

This will yield

r tw
J;[’lft) f(t)dt = 2 I sint A4t = o ¢
anzc: : .
~ -
.I 2[51(t) f(t)at - J (2 cost + N)at =27, Fo.

(187

(324)

(325)

(326)

(327)

(328)

Consequently, the exceptional case is present for v = 1, while the resonance

case occurs for v = 2, Thus, the overall minimal order [see eq.(184)] will

be m = Max(my) = 2 for all j. Here, it is of no importance whether v = 0 is /188

(Vres)
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the resonance index or not (see case IV on p.108). All solutions x(t), no
matter how large j might be, show the same behavior with respect to the sequence
of the power orders of x, x', x", etc. This will yield the pattern shown in

Fig.23.

l Power orders

U.Q;.-b 'Y} A B g s s oo s o5 s = o m s b oo s s ms o e e @ b3

Fig.23

As a final example, let us consider the general differential equation with

onstant coefficients sy - A(D- " a(n-j
constant coeff L (%] = £(2-9), a, gn-j-1)_ | 8,y X = 1(8)

(ap_y # o), (329)
where f(t) is to have the period P. It can be readily proved that all solu-
tions, periodic with P, of the reduced homogeneous differential equation are
functions with a mean value of zero. 'If, namely, a function $(t), periodic
with P, is introduced into the homogeneous reduced differential equation, all
terms which are multiplied by the derivatives $', ', e.., &‘"‘“ , have a mean
value of zero. Consequently, also the last term, a,-;$(t), must have a zero

mean value.

It follows from the above statement that the functions /189

sf(,)(t) - 3(,)(1:) ( ¥a1,...,5) [see, for example, eq.(250)]

have a mean value of zero. We must now prove that all functions C'bu(t)(u- = (v) +
+1, eee, [V]I; V=1, +o., f) must have a mean value of zero.

For example, the differential equation, homogeneous to eq.(329), is solved
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by means of the argument §(t) = ™ . This is assumed to yield the character-

istic equation x K\ Ay x  EAw
(.‘ - ) .(.,"_d:) ...(,(..us) * =0 (330)
* * s #*
with pairwise different values @1, ¢o., @¥; where, in addition to a complex X
%

also the conjugate-complex root @ occurs. Then, the general solution of the

differential equation homogeneous to eqe(329) will read
~ x

s -3 & lewm, (331)

=t

where Py(t) represents an arbitrary polynomial of the degree my - 1:

‘Pms'c. t“;—i ~"C" t"'- +tt % £ ¢+ :
v (& -0t (A -1 o2 - (332)

The differential equation, homogeneous to eq.(329), has solutions with the
period P exactly when the solutions af, ceoy o; of the characteristic equation

> « Let us assume that this is true for

(330) contain whole multiples of 5

* * . < s * . i
the values @;, e¢s, ¥ while the remaining @, are no whole multiples of 211

P

We repeat here that a: 7 O since, otherwise, the differential equation homogene-

ous to eq.(329) would have to have a constant solution which contradicts the
stipulation of a,~3; # O. For the eigenvalues a?(v =1, eeey, Py eee, 8), the
following bound [see (Bibl.1l) eq.(20)]

Y ICORE = (333)

at first, is rot valid. Generally, we put

. | R X /190
oL, =e, + "/’y (’= 11*“:!:--'15) . (BBL)

According to egs.(331), (332), ard (334), the first row of the fundamental

solution matrix §(t) has the form

a T AT AT)

-8 &% (335)
with
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~T - -1
Y =- (1 ot Y ) e"t
(= ~1)!
( -1 (336)
1 £ .t
'.fyt A (:5.'_-_;7"
=le ¥, ,Qq'). Y
¢
1
~T dv ¢ v J
= 1"7 e
[see eq.{95)]. From this, we obtain directly
A ;Fy‘ a () 20 for fToDH,. [y],(y:i,...,?)'
Tt =e o L= ’ (337)

That &%v)(t) (v =1, .es, ) has a mean value of zero was determined above;
naturally, the remaining %h = 0 also have a mean value of zero.

The above statements yield the following theorem:

Theorem 28: In the case of a differential equation with constant coeffi-
cients, no iy exists.

Consequently, the matrix a=x° automatically is in the Jordan normal form
[see egs.(114), (123)]; for the transitory transformation matrix, € =€ is

valid.

Consequently, the scheme for the minimal orders has the following form:

191
j=o0 1 2 3 iyo
Bs o 1 2 3 J
A A A ~ A
m,l m,] m,‘ m,‘ m,‘ m,' (338)
-~ A A A
) o 2, | 8| 6, | @
~ ~ "~ A ”
mg my m my | mg m:

In gereral, at low values of j and if the resonance case is present for the
reduced differential equation, the resonance subcase cannot be of any signifi-
carce for the index v = O. However, as soor as j is sufficiently large, mp will
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predominate over all other orders m, ..., mg and it becomes of importance to
determine whether v = O is a resonance index or not. For this we need the solu-
tion z((o013 (t), periodic with P, of the adjoint homogeneous differential equa-

tion, which already is defined for j = 1,

L (*gn] - - &I o) (339)

First, we will demonstrate that z((o;; (t) must be constant. For this, we start
from eq.(329) with f(t) of zero mean value. By j integrations and making use

of the auxiliary theorem in Section 3, we obtain an equation

L [x]:x(n) +a, X7 . a x(3) . p (t) (310)

n-3

with an F(t) of zero mean value. Since %(t) has the power order of

B Sex A)
ve 1.y r) v
v Reg-

the same power order will be valid also for x(t). Since we have mp = J in ac-
cordance with eq.(338), it follows that v = O is the exceptional index for j>

> ., Consequently, it then is necessary that

?

! 20 (T Fenydr =0 (3["1)
[192

(342)

The assumption
zl.[dn(t) « k + ;[ton(t)

with Zggo3j of zero mean value and constant k would lead to a contradiction
with eq.(341) if

F(t) = Zreory (t)
is selected. Therefore, it is obvious that in eq.(342), we have Z((03; (t) = O.

The constant k is determired in accordance with eq.(174) as

T (313)

n-J
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From eq.(179) we then find that v = O is the resonance index for the differ-
tial equation (329), provided that f(t) has a mean value differing from zero
and will be the exceptional index if the mean value of f(t) is zero (see also

footnote on p.35).
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